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tThis paper 
ompares a sele
tion of mi
ros
opi
 sto
hasti
 algorithmi
 (SA) modelsfor so
ial networks, and the basi
 me
hanisms employed in them. The knowledgeobtained from the 
omparison 
an be helpful in designing models with the desiredproperties. We study 
losely two (mutually non-ex
lusive) model types: those inwhi
h individuals are linked more likely if they lie 
lose in a so
ial or geographi
alspa
e (spatial models, SM), and those where the addition of new links is dependenton the lo
al network stru
ture (topologi
al models, TM). We �t representative modelsfrom ea
h of these 
ategories to two real world a
quaintan
e networks with respe
tto basi
 network statisti
s. We then 
ompare higher order stru
tures in the resultingnetworks with those in the data, with the aim of determining whi
h models produ
ethe most realisti
 network stru
ture. High 
lustering arises by design in topologi
almodels based on triadi
 and fo
al 
losure (TFC). We �nd that many of them alsoprodu
e reasonably realisti
 degree distributions and 
lustering spe
tra, but notvery high assortativity nor very 
learly 
lustered stru
ture. On the other hand, thespatial models su

essfully produ
e highly 
lustered and assortative networks anda stru
ture of loosely 
onne
ted, relatively dense 
lusters, but not very realisti
degree distributions nor 
lustering spe
tra. None of the models are su

essful in allimportant respe
ts, and a sele
tion has to be made based on whi
h qualities arejudged most important. A 
omparison of the me
hanisms employed in dynami
alTFC models shows that details in the me
hanisms produ
e important di�eren
es inthe resulting network stru
ture.Key words: So
ial networks, Complex networks, Spatial models, Topologi
almodelsPACS: 64.60.aq, 89.65.Ef, 89.65.-s, 89.75.-k, 02.70.-
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1 Introdu
tionModeling so
ial networks serves at least two purposes. On the one hand, ithelps us understand how so
ial networks form and evolve. On the other, su
-
essful so
ial network models 
an be used in studying so
ial pro
esses bysimulation to spe
ify the stru
ture of intera
tion upon whi
h the pro
essesunfold. In this paper, we fo
us on the various models and the me
hanismswithin them responsible for generating so
ial network stru
ture, while keep-ing in mind the appli
ation to so
ial dynami
s. Comparing the out
ome of thevarious models, we 
an make inferen
es about whi
h mi
ros
opi
 me
hanismsprodu
e parti
ular kinds of network stru
ture observed in real world so
ialnetworks. By attempting to mat
h the models to real world data sets, we 
analso assess the adaptability of the various models.A large variety of models have been proposed to explore how the mi
ros
opi
me
hanisms of network formation produ
e network stru
ture. We will lookat a 
ategory of network models in whi
h links are formed a

ording to rulesimitating link formation pro
esses in real so
ial networks. As the rules typi
allyin
lude randomness, we label the models sto
hasti
 algorithmi
 (SA) models.Sto
hasti
 algorithmi
 models are based on a variety of assumptions abouthow so
ial ties are formed. Given the large heterogeneity of SA models, no
ategorization 
ould neatly label all models without ambiguity. However, we
an identify a useful distin
tion between 1) models based on metri
 distan
e(spatial models), in whi
h nodes are more likely to be linked if they lie 
lose ina so
ial or geographi
al spa
e, and 2) models where the addition of new linksis dependent on the (usually lo
al) network stru
ture (topologi
al models, TM)(Fig. 1). An essential di�eren
e is that in the spatial models studied here, ea
hnode has un
hanging intrinsi
 
hara
teristi
s, based on whi
h a distan
e 
anbe 
al
ulated between two nodes.Within the 
ategory of topologi
al models, we 
an also make a distin
tionbetween two types of models. A) In dynami
al models, the steps for addingand removing ties on a �xed set of nodes are repeated until the network nolonger statisti
ally 
hanges, and the resulting network is then extra
ted. B) Ingrowing models, links and nodes are simply added until the network has thedesired number N nodes. A growing model may be appropriate for des
ribingfor example the development of a 
o-authorship network, where new links formbut old ones remain, or an online so
ial networking system where people rarelyremove links, and new users keep joining the network. We point out that thegrowing models do not intend to simulate the evolution of a so
ial network abinitio. However, the me
hanisms are sele
ted to imitate the way people might
∗ Corresponding author.Email address: Riitta.Toivonen�tkk.fi (Riitta Toivonen).2



join an already established so
ial network.We note that the dynami
al models are de�ned su
h that for ea
h networkrealization, the algorithm is started from s
rat
h and iterated until the sta-tionary distributions are rea
hed, where a single realization is then pi
ked.The dynami
al SA models bear some resemblan
e to another 
lass of sto
has-ti
 network models, the exponential random graph models (ERGM), re
entlyreviewed by Robins et al. (2007). An essential di�eren
e is that the ERGMmodels are de�ned as a probability distribution of networks, de�ned by as-sumptions about dependen
ies among the random variables whi
h 
orrespondto links in the network. Sometimes a model de�ned in the ERGM form 
analso be interpreted as a sto
hasti
 algorithmi
 model. Whenever in an ERGMmodel the probability of ea
h link existing is independent of other links, arealization from this distribution 
an equivalently be drawn starting from anempty network of N nodes, going through ea
h potential link in the network,and 
reating it with the 
orresponding probability. Our study in
ludes onesu
h model (Wong et al., 2005) from whi
h we have generated realizationsin this manner. If the formulation of the ERGM model implies 
orrelationsbetween link probabilities however, su
h as when both the average number oftriangles and the average number of links in the networks are spe
i�ed in thedistribution, designing an algorithmi
 model to produ
e realizations from thesame distribution is not straightforward.With respe
t to exponential random graph models, sto
hasti
 algorithmi
models are typi
ally 
omputationally less expensive. The dynami
al sto
hasti
algorithmi
 models treated in this paper 
an easily produ
e networks of 10 000nodes, and relatively easily up to 100 000 nodes. The growing models 
ouldprodu
e networks with hundreds of millions of nodes. The networks that aretypi
ally studied with ERGM models 
onsist of hundreds or at most a 
ou-ple thousand nodes (Goodreau, 2007). The ability to generate large networksis advantageous in many respe
ts. First of all, larger systems provide betterstatisti
s. Modern ele
troni
 
ommuni
ations provide very large systems andex
ellent statisti
s on so
ial networks, and imitating the found stru
ture re-quires generating large systems. Se
ondly, in simulation of so
ial dynami
s,the ability to generate large systems is required for studying the dependen
yof observed behavior with system size. Using a small system of, say, 100 nodes,we 
ould not make inferen
es about how the same pro
ess would behave in aso
iety-wide network. For 
omputational reasons we 
annot simulate systemsof natural size, but the 
loser we get, the more realisti
 are the results.Knowledge of the stru
ture produ
ed by various me
hanisms is not only usefulfrom the viewpoint of network evolution, but also simulation of so
ial dynam-i
s. The stru
ture of so
ial networks has been shown to in�uen
e many so
ialpro
esses su
h as opinion formation, the spread of information, and sear
hin so
ial networks, as reviewed by Castellano et al. (2007) from the point of3



view of physi
ists. For example, the 
onne
tivity distribution of individuals inthe network has turned out to be an important fa
tor in spreading pro
essesof information, fashions, or infe
tive diseases. High 
onne
tors are e�e
tive inspreading information a
ross the network (Moreno et al., 2004). Also 
orrela-tions between the degrees of neighboring nodes have been observed to a�e
tdynami
s su
h as epidemi
s (Boguñá et al., 2002), whi
h are analogous tothe spread of information. Many other network features, su
h as 
ommunitystru
ture, have also been noted to a�e
t so
ial dynami
s. For example, indynami
s simulating 
ompetition of di�erent opinions in a population, fairlyisolated 
lusters of individuals may hold on to a minority opinion (Castelló etal., 2007), and a study of re
ommendations between users of online shoppingsites has shown that 
ommunities based on a parti
ular 
ommon interest alsoshared re
ommendations about other topi
s (Leskove
 et al., 2008). For realis-ti
 modeling of so
ial dynami
s, the network models used for simulation needto reprodu
e the essential features of real so
ial networks. Observations on theability of di�erent models to produ
e the essential features for the dynami
sin question help in sele
ting or designing an appropriate network model forsimulation. This is our se
ondary motivation for the 
omparison of variousmodels for so
ial networks whi
h we undertake in this paper.

Due to the very large number of models proposed for so
ial networks, we
annot in
lude them all in our study. Be
ause of our fo
us on a
quaintan
enetworks, we ex
lude the many models designed to 
apture the features ofa�liation networks. Several models were ex
luded either be
ause the me
ha-nism behind it was di�
ult to interpret in the 
ontext of so
ial ties, or be
ausesome feature in the model would have ensured it will not look like our data,su
h as all nodes having an equal number of 
onne
tions. We also left out a
ategory of models 
ombining the evolution of intrinsi
 node properties andnetwork stru
ture (reviewed in Castellano et al. (2007)), be
ause we want tofo
us on simple tie formation me
hanisms instead of more 
omplex 
oevo-lutionary models. We were left with the above mentioned 
ategories, whi
hprodu
e distin
t kinds of networks. We note that some of the models weredesigned with a parti
ular property in mind, su
h as a high average 
luster-ing 
oe�
ient. We will, nevertheless, assess their ability to reprodu
e many ofthe typi
al features of so
ial networks, although these may not have been thefo
us of the authors. 4
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Fig. 1. In this paper, we study me
hanisms employed in sto
hasti
 algorithmi
 (SA)models. The seven representative models displayed in the �gure are dis
ussed inSe
tion 2. One of the spatial models, WPR, was originally presented as an expo-nential random graph model, but it 
an be equivalently formulated as a sto
hasti
algorithmi
 model. Within the 
ategory of topologi
al models, we fo
us on modelsbased on triadi
 and fo
al 
losure (TFC), whi
h are 
ommonly used me
hanismsimitating link formation in so
ial networks.2 Topologi
al and spatial models2.1 Topologi
al models (TM) 
ombining triadi
 and fo
al 
losure (TFC)Network so
iology identi�es (a) 
y
li
 
losure and (b) fo
al 
losure as twofundamental me
hanisms of tie formation (Kossinets and Watts, 2004). Cy
li

losure refers to forming ties with one's network neighbors, whereas fo
al 
lo-sure refers to forming ties independently of the network distan
e, and is at-tributed to forming so
ial ties through shared a
tivities (hobbies et
.). Triadi

losure is the most frequent type of 
y
li
 
losure. A 
ombination of triadi
and fo
al 
losure (TFC) forms the basis of a large number of sto
hasti
 algo-rithmi
 models for so
ial networks. We will study a representative sele
tion ofsu
h models, both dynami
al and growing, and 
ompare them with sele
tedspatial models. Tables 1, 2 and 3 
ontain more detailed des
riptions of themodels and their parameters. As most authors did not name their models, welabel the models using author initials.2.1.1 Dynami
al TFC modelsWe will �rst look at three dynami
al models that 
ombine triadi
 and fo
al
losure for 
reating new links (dynami
al TFC): DEB (Davidsen et al. (2002)),MVS (Marsili et al. (2004)), and KOSKK (Kumpula et al. (2007)). Dynami-
al models in whi
h new links are 
ontinuously added also need to have someme
hanism for removing links, to avoid ending up with a fully 
onne
ted net-5



work. The di�erent ways of implementing triadi
 
losure and deletion of linksare highlighted in Fig. 2. Davidsen et al. (2002) proposed a very simple dynam-i
al model (DEB) where nodes repeatedly sele
t a random pair from amongtheir neighbors, and introdu
e them to ea
h other if they are not already a
-quainted. This is labeled triad formation me
hanism T1 in Fig. 2. In the DEBmodel, links are deleted when a node �leaves� the network and hen
e all of itslinks are 
ut. This method of removing links is 
alled node deletion (ND). Anew node then takes its pla
e so that the number of nodes is kept 
onstant.Due to its simpli
ity, the model is useful for understanding subtle di�eren
esresulting from details in model spe
i�
ation (Se
tion 4.2).Marsili et al. (2004) formulated their model (MVS) along similar lines, refer-ring to the observation that personal a
quaintan
es play a prominent role inindividual sear
h (Granovetter, 1973). In this dynami
al model, new 
onta
tsare made through sear
h via friends: A node �asks� one of its neighbors j tointrodu
e it to one of j's neighbors. This me
hanism is labeled T2. In the MVSmodel, ea
h link has a probability λ of being 
ut at ea
h time step (link dele-tion, LD), unlike in the DEB model where all links of a parti
ular node wereremoved simultaneously. Marsili et al. (2004) did not mention whi
h value of
λ they used in the MVS model. We �xed λ = 0.001 in our simulations, givingea
h tie an average lifetime of 1000 time steps. Tables 1, 2 and 3 list the pa-rameters of ea
h model (the �xed ones are in parentheses), and indi
ate thenumber of free parameters. The �xed parameters were sele
ted a

ording tothe original authors' 
hoi
es wherever possible.A weighted so
ial network model by Kumpula et al. (2007) (KOSKK) usessimilar me
hanisms as the MVS model, with the notable ex
eption that inter-a
tion strength is taken into a

ount: new links are 
reated preferably throughstrong ties, every intera
tion making them even stronger. In addition to satis-fying the weak ties hypothesis (Granovetter, 1973), this me
hanism is able toprodu
e mu
h 
learer 
ommunity stru
ture (Kumpula et al., 2007). Anothermeaningful di�eren
e between the KOSKK and MVS models is the way linksare deleted: MVS uses link deletion, whereas KOSKK uses node deletion (Fig.2). Di�eren
es in network stru
ture resulting from this 
hoi
e are explored inSe
tion 4.2.When generating network realizations, the dynami
al models MVS, DEB, andKOSKK are iterated until monitored distributions be
ome stationary. Some-times the authors do not state whi
h parti
ular 
riterion they used. We de-termined for ea
h model how many iterations it takes until the average val-ues of degree, squared degree, and 
lustering 
oe�
ient stabilize (please seeAppendix A.1 for the de�nitions), and their distributions appear stationary.When generating networks, we used a larger number of iterations than thislimit, to ensure that we pi
k a realization from the region of stationary distri-butions. 6



T1 T2

KOSKKDEB

MVS

Node deletion
(ND)

Link deletion
(LD)Fig. 2. The models DEB, KOSKK, and MVS 
lassi�ed a

ording to the me
hanismsfor triadi
 
losure and link deletion employed in them. (T1): introdu
e two neighbors,(T2): look for a neighbor of a neighbor. (ND): node deletion (all links of a node aredeleted), (LD): link deletion (un
orrelated links are deleted). Note that there aremany other di�eren
es between the models whi
h are not indi
ated in the table,related to the way random 
onta
ts are added, 
onne
tion strength, number of freeparameters, et
. More detailed des
riptions of the models are found in Table 1.2.1.2 Growing TFC modelsVázquez (2003) proposed a growing model (Váz) inspired by the DEB modelto enable analyti
al derivations of 
ertain network statisti
s. In this model, anew
omer node �rst links to a random node i in the network, 
reating potentialedges (Vázquez's term) between itself and the neighbors of i. These ties maybe realized later, generating triangles in the network. A growing model forso
ial networks has also been proposed by Toivonen et al. (2006) (TOSHK).In this model, ea
h new node links to one or more 'initial 
onta
ts', whi
h inturn introdu
e the new
omer to some of their neighbors. The Váz and TOSHKmodels are similar in that triangles are generated only between the new
omerand the friends of its initial 
onta
t. In the Váz model, they 
an be 
reatedat a later time, while in TOSHK all links are 
reated at on
e. As with all themodels, we keep to the authors' 
hoi
es presented in the original paper. Inthe TOSHK model, we allowed one or two initial 
onta
ts, determined by theprobability p (see Table 2), and pi
ked the number of se
ondary 
onta
ts fromthe uniform distribution U [0, k], although this 
learly limits the adaptabilityof the model.2.2 Spatial modelsHomophily (M
Pherson et al., 2001), the tenden
y for like to intera
t with like,is also known to stru
ture network ties of various types, in
luding friendship,work, marriage, information transfer, and other forms of relationship. This isthe starting point for several so
ial network models: a link between two nodes isformed more likely if they are similar, i.e. if they are 
lose to ea
h other in someso
ial 
hara
teristi
s or in geographi
al spa
e. Hen
e, in these models nodes arelo
ated in a spa
e whi
h 
an be either one- or many-dimensional, depending7



Table 1CATEGORY: TOPOLOGICAL. DYNAMICAL TFC. Three representative dynam-i
al models for so
ial networks based on triadi
 and fo
al 
losure (TFC).Parameters Me
hanisms. Number of nodes N �xed; repeat steps for I) addingties and II) deleting ties until stationary distributions rea
hedDEB (Davidsen et al., 2002)2 free
N , p

I) Sele
t a node i randomly, anda) if i has fewer than two ties, introdu
e it to a random nodeb) otherwise pi
k two neighbors of i and introdu
e them if theyare not already a
quainted.II) Sele
t a random node and with prob. p remove all of its ties.MVS (Marsili et al., 2004)3 free
N , ξ, η(λ=0.001) I) Sele
t a node i randomly, anda) 
onne
t i to another random node with prob. η.b) sele
t a friend's friend of i with prob. ξ and introdu
e i to itif not already a
quainted.II) Sele
t a random tie and delete it with prob. λ.KOSKK (Kumpula et al., 2007)
3 free
N , p∆, pr(w0 = 1,
pd = 0.001,
δ = 0.5)

I) Sele
t a node i randomly, anda) sele
t a friend's friend (by weighted sear
h) and introdu
e itto i with prob. p∆ (with initial tie strength w0) if not alreadya
quainted. In
rease tie strengths along the sear
h path by δ.b) additionally, with prob. pr (or with prob. 1 if i has no 
onne
-tions), 
onne
t i to a random node j (with tie strength w0).II) Sele
t a random node and with prob. pd remove all of its ties.Nodes represent individuals and links represent ties between them. Parametersthat were �xed a

ording to the original authors' 
hoi
es are shown in parentheses.on how many di�erent traits are taken into a

ount. The probability of a linkexisting between any two nodes is then de�ned as a fun
tion of the distan
ebetween them. We sele
ted two spatial models in whi
h nodes are uniformlydistributed in the underlying so
ial or geographi
al spa
e, BPDA (Boguñá etal. (2004)) and WPR (Wong et al. (2005)). They di�er in the dependen
eof link probability on distan
e and in the employed distan
e measure. Whilethe authors mention that a so
ial spa
e of any dimension 
ould be used, theyanalyse more 
losely the 
ases of 1D and 2D, respe
tively. We keep to their
hoi
es.3 Fitting the modelsIn order to make networks generated by di�erent models 
omparable, we needto unify some of their properties. To this end, we �t the models to two real-8



Table 2CATEGORY: TOPOLOGICAL. GROWING TFC. Two representative growingmodels proposed for so
ial networks, where ties are based on triadi
 and fo
al 
losure(TFC).Parameters Me
hanism. Repeat steps for a) adding nodes and ties b) addingties only until network 
ontains N nodes.TOSHK (Toivonen et al., 2006)3 free
N , p, k(simpli�ed) a) Add a new node i to the network, 
onne
ting it to one randominitial 
onta
t with probability p, or two with probability 1 − p.b) for ea
h random initial 
onta
t j, draw a number msec fromthe distribution U [0, k] and 
onne
t i to msec neighbors of j ifpossible.Váz (Vázquez, 2003)2 free
N , u

a) with probability 1−u, add a new node to the network, 
onne
t-ing it to a random node i. Potential edges are 
reated between thenew
omer n and the neighbors j of i (a potential edge means that
n and j have a 
ommon neighbor, i, but no dire
t link betweenthem).b) with probability u, 
onvert one of su
h potential edges gener-ated on any previous time step to an edge. Potential edges gener-ated by 
onverting an edge are ignored.

world data sets with respe
t to as many of the most relevant network featuresas the model parameters allow. We sele
ted two so
ial network data sets withslightly di�erent average properties in order to get a better pi
ture of theadaptability of the models. In parti
ular, we 
hose two data sets with di�erentaverage degree, be
ause we assumed that link density 
ould be an importantfa
tor in the resulting network stru
ture. These data sets display typi
al prop-erties of large so
ial networks: degree distributions that imply the presen
e ofhigh degree nodes, high average 
lustering 
oe�
ients 〈c〉, de
reasing 
lus-tering spe
tra c(k), and positive degree-degree-
orrelations r (assortativity)(please see Appendix A.1 for the de�nitions). These features have also beenobserved in numerous other large s
ale so
ial networks (Leskove
 and Horvitz(2008), Onnela et. al (2007b), Gleiser and Danon (2003)).In this se
tion, we dis
uss our 
hoi
e of data sets and the targeted features usedfor �tting. Finally, we display the optimized parameters and basi
 propertiesof the networks generated with these parameters. De�nitions of the 
ommonnetwork measures we use, as well as a des
ription of the optimization methodsused, are in
luded in the appendix. 9



Table 3CATEGORY: SPATIAL. Two representative spatial models (SM) for so
ial net-works, in whi
h link probability between two nodes depends on their distan
e in anunderlying so
ial or geographi
al spa
e.Parameters Me
hanismBPDA (Boguñá et al., 2004)3 free
N , α, b

Distribute N nodes uniformly in a (1-dimensional) so
ial spa
e(a segment of length hmax). Link nodes with prob. p =
1/ (1 + (d/b)α), where d is their distan
e in the so
ial spa
e. (hmax
an be absorbed within b). If treated many-dimensionally, simi-larity along one of the so
ial dimensions is su�
ient for the nodesto be seen as similar.WPR (Wong et al., 2005)4 free

N , H, p, pb

Distribute N nodes uniformly in a (2-dimensional) so
ial spa
e ofunit size. Link nodes with prob. p + pb if their distan
e is smallerthan H, and with prob. p − p∆ otherwise (where p∆(p, pb,H) issu
h that the total fra
tion p of all possible links is generated.).We sele
ted the dimensionality (1D or 2D) based on how the authors treated themodels when originally presented.3.1 The friendship network at www.last.fm and the email networkData of large a
quaintan
e networks whi
h reliably tra
k so
ial 
onne
tionsare not easily available. A�liation networks, whi
h link two individuals if theybelong to the same a�liation (e.g. board) are more abundant and mu
h re-sear
hed, but they have parti
ular features deriving from their 
onstru
tion,su
h as a very high number of 
liques. We 
hose two a
quaintan
e networksof suitable size, on the order of 1 000 to 10 000 individuals. Smaller networkswould have provided less a

urate distributions, and with mu
h larger net-works, �nding the optimal parameters of the dynami
al models would havebeen slow, be
ause optimization requires generating very many instan
es ofthe networks with di�erent parameters.The larger of the two data sets against whi
h we �t our models is a mutualfriendship network 
olle
ted from users of the web site www.last.fm, where peo-ple 
an share their musi
al tastes and designate other users as their friends.We used for this study the friendship information only, disregarding the mu-si
al preferen
es. Be
ause there are several hundred thousand users on thesite worldwide, we sele
ted users in one 
ountry, Finland, to obtain a smallernetwork with 8003 individuals. The 
ountry labels were self-reported. Thisdata (hen
eforth 
alled lastfm) represents the largest 
onne
ted 
omponentof Finnish users at this site. Individuals in the resulting network have onthe average 〈k〉 = 4.2 friends, high 
lustering 〈c〉 = 0.31, and the network is10



highly assortative with r = 0.22, indi
ating that friends of those users whohave many 
onne
tions at the site are themselves well 
onne
ted (please seeAppendix A.1 for de�nitions). After designating someone as a friend, there isno 
ost to maintaining the tie, i.e. the link never expires. This means that thedata may overestimate the number of a
tive friendships within the last-fm website. However, the degree distribution does not imply higher degree nodes thanthose observed in a network 
onstru
ted from mobile phone 
alls (Onnela et.al, 2007b), in whi
h ea
h 
onta
t has a real 
ost in time and money. Requiringties to be re
ipro
ated ensures that the users have at least both a
knowledgedone another.The smaller data set is an a
quaintan
e network 
olle
ted by Guimerà et al.(2003), based on emails between members of the University Rovira i Virgili(Tarragona). In this network, two individuals are 
onne
ted if ea
h sent atleast one email to the other during the study period. Bulk emails sent tomore than 50 re
ipients were eliminated. Again, we use the largest 
onne
ted
omponent of the network. It 
onsists of 1133 individuals, and it is a 
ompa
tnetwork with average shortest path length 〈l〉 = 3.6, slightly larger averagedegree 〈k〉 = 9.6, fairly high average 
lustering 
oe�
ient 〈c〉 = 0.22, and fairlysmall assortativity r = 0.08.Both of our real world networks are unweighted, meaning that tie strengthsare not spe
i�ed. All of the models studied here apart from KOSKK are un-weighted as well. Averaged basi
 statisti
s of both data sets are displayedin Table 5. The degree distributions, 
lustering spe
trum and degree-degree
orrelations of the lastfm and email networks are shown in Fig. 3, and moreplots of their statisti
s are shown in Se
tion 4.1 in 
onne
tion with the �ttedmodels.3.2 Choi
e of target features for �tting the modelsThe most important features that we wish to align between the models andthe data are the number of nodes and the number of links. Be
ause both ofour data sets are 
onne
ted 
omponents of a larger network, we will fo
us onthe properties of the largest 
onne
ted 
omponent of the generated networks.Our �rst two �tting targets are largest 
onne
ted 
omponent size NLC and theaverage number of links per node, or average degree 〈k〉, within the largest
omponent. They are already su�
ient for �tting the DEB model, whi
h hasonly two parameters.A natural 
hoi
e for the next target on
e the number of individuals and densityof links are �xed is some measure related to triangles, sin
e triangle densityis known to be an important 
hara
teristi
 of so
ial networks. One possible11
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)Fig. 3. Properties of the lastfm data set (•) and the email data (◦). a) degreedistributions, with average degrees 〈k〉 = 4.2 and 9.6, respe
tively. Guimerà etal. (2003) �tted to the email data an exponential distribution p(k) = e−k/k∗ with
k∗ = 9.2, whi
h shows as a straight line in a semilogarithmi
 plot. The lognormaldistribution �tted the lastfm data best of the di�erent distributions we tried (expo-nential, Weibull, gamma, and lognormal), although not perfe
tly. b) Clustering c(k)de
reases with degree k (average 
lustering 〈c〉 = 0.31 and 0.22, respe
tively). 
)Degree-degree 
orrelations between nodes and their neighbors (knn signi�es averagenearest neighbor degree) show that both networks are assortative (with r = 0.22and r = 0.08, respe
tively).
hoi
e would be the average number of triangles in the network. We will use theaverage 
lustering 
oe�
ient 〈c〉 (see Appendix A.1 for the de�nition). Thesethree features are su�
ient for �tting the models TOSHK, BPDA, MVS, andKOSKK, if we �x some of the parameters a

ording to the original authors'
hoi
es (see Table 1).If mat
hing NLC , 〈k〉 and 〈c〉 is not enough to �x all parameters of the model,we no longer have a straightforward 
hoi
e. We 
onsidered using the assor-tativity 
oe�
ient and shortest path lengths (see A.1). In the WPR model,assortativity varies 
losely together with the average 
lustering 
oe�
ient asparameters are varied, so it 
ould not be used as a fourth target feature. In-stead, we used the average shortest path length to �t the fourth parameter.We also attempted using the assortativity 
oe�
ient for �tting the KOSKKmodel, when the weight in
rement parameter ∆ was allowed to vary, but raninto a di�erent problem: attempting high assortativity for
ed the weight in-
rement parameter to zero, thereby eliminating an important feature of theweighted model and weakening the 
ommunity stru
ture. Hen
e, we �xed theweight in
rement parameter δ = 0.5 in a

ordan
e with the authors' 
hoi
e.All of these measures - degree, 
lustering, assortativity, and path lengths - areimportant features of so
ial networks and are likely to a�e
t dynami
s su
h asopinion formation or spreading of information in a network. Using averages,we obviously lose information 
ompared to the distributions of ea
h measure.However, typi
ally ea
h model produ
es similarly shaped distributions with12



most 
hoi
es of parameters, and the shape of the distribution 
annot be 
on-trolled in any 
ase.Table 4 indi
ates whi
h features were targeted when optimizing the parametersof ea
h model, and displays the optimized parameters, and Table 5 displaysproperties of the networks generated with these parameters. Of 
ourse, dueto the sto
hasti
 nature of the models, two network realizations generatedwith the same parameters are not likely to have exa
tly the same averageproperties. The plots and tables 
on
erning the model networks in this paperalways 
ontain values averaged over 100 network realizations.We observe that for all models and both data sets, 〈NLC〉 and 〈k〉 �t 
losely.Note that for the models with two free parameters (DEB, Váz), on
e largest
omponent size and average degree were �tted, we had no 
ontrol over 
luster-ing, assortativity, path lengths, or any other network features. The TOSHKmodel, with its dis
rete parametrization of the number of triangles formed,was not able to exa
tly mat
h the 
lustering values despite having three pa-rameters. Average shortest path lengths mat
hed 
losely for all but the spatialmodel treated in one dimension (BPDA), although the measure was only usedfor �tting the WPR model. The other features shown in the table, r and lmax,were not used for �tting but are shown be
ause they are relevant for so
ialnetworks.4 Comparing higher order statisti
sHaving �tted the models a

ording to average values of parti
ular network
hara
teristi
s, we will 
ompare the distributions of these 
hara
teristi
s, aswell as the 
ommunity stru
ture of the resulting networks. The �rst point wefo
us on is the distribution of 
onne
tivity in the network. Next, we addressthe 
lustering spe
trum c(k), whi
h will turn out to be very di�erent in thespatial models 
ompared to the data. Path lengths as a measure of network
ompa
tness are also observed. Finally, we will observe how the networksare stru
tured into 
lusters, a very important feature of so
ial networks. InSe
tion 4.1, we 
ompare the model types des
ribed above, and in Se
tion 4.2 wewill 
ombine and 
ompare di�erent network evolution me
hanisms employedin the dynami
al TFC models.4.1 Properties of the spatial and topologi
al modelsThe degree distribution of the email data set falls exponentially, while thelastfm data has a fatter tail (Fig. 3). In larger data sets based on one-to-13



Table 4Network features targeted when �tting ea
h of the models, and the parameters thatprovided the best mat
h to the lastfm and email data sets.DEB mat
hed to NLC , 〈k〉lastfm: N = 8330, p = 0.203email : N = 1138, p = 0.064MVS mat
hed to NLC , 〈k〉 , 〈c〉lastfm: N = 9300, ξ = 0.0022, η = 0.000368email : N = 2270, ξ = 0.0062, η = 0.000071KOSKK mat
hed to NLC , 〈k〉 , 〈c〉lastfm: N = 8205, p∆ = 0.0029, pr = 0.0008email : N = 1135, p∆ = 0.0107, pr = 0.0039TOSHK mat
hed to N , 〈k〉 , 〈c〉lastfm: N = 8003, p = 0.60, k = 1email : N = 1133, p = 0.06, k = 3Váz mat
hed to N , 〈k〉lastfm: N = 8003, u = 0.524email : N = 1133, u = 0.793BPDA mat
hed to NLC , 〈k〉 , 〈c〉lastfm: N = 8250, α = 1.915, b = 1.51 · 10−4email : N = 1133, α = 1.565, b = 0.002032WPR mat
hed to NLC , 〈k〉 , 〈c〉 , 〈l〉lastfm: N = 8200,H = 0.0108, p = 0.000506, pb = 0.9994email : N = 1133, H = 0.040, p = 0.008498, pb = 0.991

NLC : Largest 
omponent size (number of nodes), 〈k〉: average degree, 〈c〉: aver-age 
lustering 
oe�
ient, 〈l〉: average shortest path length. 〈k〉, 〈c〉, and 〈l〉 were
al
ulated for the largest 
omponent of the network.one 
ommuni
ation, broader degree distributions have been observed, eitherpower law (Lambiotte et al. (2008)) or power law with exponential 
uto�(Onnela et. al (2007b)). We assume therefore that an exponential or broaderdegree distribution is a valid assumption for a large a
quaintan
e network.The models show three kinds of 
onne
tivity distributions with very di�erentbehavior with respe
t to nodes with high 
onne
tivity (Fig. 4). The spatialmodels have Poisson distributions, with no nodes having very large degree.The Váz model has a power law distribution, whi
h implies a few nodes withextremely many 
onne
tions. The dynami
al TFC models (DEB, MVS, andKOSKK) and the TOSHKmodel fall somewhere in between. The very di�erentdistributions in TOSHK and Váz, despite both being growing models, may bedue to the limit on the number of links formed per time step in TOSHK.It appears that as models of large a
quaintan
e networks, the TFC modelsprodu
e the most realisti
 
onne
tivity distributions.The shape of the degree distribution of a spatial model depends on the under-lying distribution of the nodes in spa
e. The uniform distribution employed14



Table 5Basi
 statisti
s of the lastfm and email data sets and the models �tted to ea
h.model / data NLC L 〈k〉 〈c〉 r 〈l〉 lmaxLast-fm-�n 8003 16824 4.20 0.31 0.22 7.4 24DEB 8009 ± 30 16858 ± 224 4.21 ± 0.05 0.38 ± 0.01 0.10 ± 0.01 7.0 ± 1.6 18.1 ± 1.4MVS 7989 ± 38 16816 ± 153 4.21 ± 0.03 0.30 ± 0.01 0.02 ± 0.01 7.8 ± 1.6 17.4 ± 1.0KOSKK 8006 ± 20 16849 ± 207 4.21 ± 0.05 0.31 ± 0.01 0.05 ± 0.01 7.2 ± 1.5 16.3 ± 0.9TOSHK 8003 16791 ± 93 4.20 ± 0.02 0.34 ± 0.01 0.14 ± 0.01 6.6 ± 1.3 13.8 ± 0.6Vàz 8003 16801 ± 171 4.20 ± 0.04 0.29 ± 0.01 0.27 ± 0.02 8.3 ± 2.6 22.6 ± 1.5BPDA 8005 ± 31 16794 ± 141 4.20 ± 0.03 0.29 ± 0.01 0.30 ± 0.02 23.9 ± 9.3 60.1 ± 8.0WPR 8004 ± 19 16972 ± 150 4.24 ± 0.03 0.29 ± 0.01 0.30 ± 0.02 8.1 ± 1.6 18.2 ± 1.1model / data NLC L 〈k〉 〈c〉 r 〈l〉 lmaxEmail 1133 5451 9.62 0.22 0.08 3.6 7DEB 1133 ± 3 5452 ± 249 9.62 ± 0.43 0.45 ± 0.01 0.06 ± 0.02 3.4 ± 0.9 7.7 ± 0.7MVS 1113 ± 1 5282 ± 77 9.48 ± 0.14 0.23 ± 0.01 0.05 ± 0.04 3.8 ± 1.1 9.6 ± 0.6KOSKK 1134 ± 2 5425 ± 193 9.57 ± 0.34 0.22 ± 0.01 0.06 ± 0.02 3.5 ± 0.9 7.5 ± 0.6TOSHK 1133 5453 ± 52 9.63 ± 0.09 0.29 ± 0.01 0.09 ± 0.02 3.4 ± 0.8 6.1 ± 0.3Vàz 1133 5453 ± 136 9.63 ± 0.24 0.42 ± 0.02 0.12 ± 0.03 4.6 ± 1.7 13.6 ± 1.4BPDA 1133 ± 1 5477 ± 172 9.67 ± 0.30 0.22 ± 0.01 0.22 ± 0.02 4.4 ± 0.8 8.4 ± 0.5WPR 1133 ± 1 5448 ± 72 9.62 ± 0.13 0.21 ± 0.01 0.20 ± 0.03 3.6 ± 0.7 6.0 ± 0.2All statisti
s are 
al
ulated for the largest 
omponent of ea
h network. NLC :Largest 
omponent size, L: number of links, 〈k〉: average degree, 〈c〉: average
lustering 
oe�
ient, r: assortativity 
oe�
ient, 〈l〉: average shortest path length,and lmax: longest shortest path. The values are averaged over 100 realizations ofea
h network model. The standard error of the averages is displayed wheneverthere was �u
tuation in the values.in the models treated here leads to a Poisson distribution of degrees, imply-ing the absen
e of nodes with very high 
onne
tivity (Boguñá et al. (2004)derived the distribution for their model, and the Poisson distribution also �tsthe WPR model very well (Fig. 4)). The homophily prin
iple does not alwayslead to a Poisson distribution, however. Masuda and Konno (2006) used anexponentially distributed �tness parameter as the basis for homophily, andobtained a �at degree distribution p(k)=
onst. As they observe, this is un-realisti
 and an indi
ation that the homophily me
hanism is insu�
ient initself. The homophily prin
iple, when 
ombined with some other me
hanism,
an also lead to a broader degree distribution (Masuda and Konno, 2006).Next, let us have a look at 
lustering in the networks, another important fea-ture of so
ial networks. The average 
lustering 
oe�
ient 
an be tuned in themodels by varying the model parameters, but the shape of the 〈c(k)〉 
urve islikely to be invariable. For both of our data sets (Fig. 5) and many other a
-quaintan
e networks (e.g. Onnela et. al (2007b), Leskove
 and Horvitz (2008)),
lustering c(k) de
reases with in
reasing 
onne
tivity k of a node. Many net-work models, in
luding the TFC models studied here, display an inverse rela-tion between node degree and 
lustering: c(k) ∼ 1
k

1 . The homophily me
ha-nism on whi
h the spatial models are based, when the distribution of nodes in
1 This follows naturally in any model where an in
rease in the number of links of anode goes hand in hand with an in
rease in the number of triangles around it. If on15
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(
)Fig. 4. Degree distributions P (k). The exa
t shapes of the distributions are not asimportant as the markedly di�erent probabilities of obtaining high degree nodes.The models were �tted to the lastfm data (•), shown in ea
h panel for referen
e. a)The spatial models (+ BPDA, × WPR) have Poisson degree distributions (the �ttedline is a Poisson distribution). b) The tails of the degree distributions produ
ed bythe dynami
al models (▽ MVS, 2 DEB, and ⋄ KOSKK), and the growing TOSHKmodel (△) all de
ay 
learly slower than the Poisson distribution produ
ed by thespatial models, but faster than power law. Right: the Váz model degree distribution(⋆), shown in a double logarithmi
 plot, is very broad, implying that very highdegree nodes are observed (Vázquez (2003) has shown the tail to de
ay as powerlaw, P (k) ∼ k−γ). All plots of properties of the model networks in Se
tion 4 displayaverages over 100 network realizations.the underlying so
ial spa
e is uniform, produ
es a �at 
lustering c(k) = const.Sin
e this is strikingly di�erent from observed data, it does not seem plausi-ble that homophily (at least when implemented in this manner) 
ould be theonly me
hanism at play in the formation of so
ial networks, supporting the�nding by Masuda and Konno (2006). The TFC models produ
e a plausiblede
reasing relation between node degree and its 
lustering 
oe�
ient.An explanation of why c(k) is �at for the spatial models treated here 
an begiven as follows. The 
lustering 
oe�
ient ci of node i is de�ned as the fra
tionof pairs of neighbors of node i whi
h are dire
tly 
onne
ted. Thus, in orderto determine c(k), we need to know how the probability of a link existingbetween two neighbors of a node i depends on the degree ki. If we assumethat the underlying distribution of nodes is homogeneous and the nodes areindependently and identi
ally distributed in spa
e, it follows that regardlessof node degree, its neighbors are similarly distributed in any dis
 
entered atthe node. Hen
e, pi
king randomly two of its neighbors, the distan
e betweenthem does not depend on how many other nodes there happen to be withinthe dis
, implying that the probability of a link between them does not dependon the degree k of i. This is seen to hold whether the link probability is a stepaverage in
reasing the degree k of a node by one is a

ompanied by an in
rease ofthe number N∆ of triangles around the node by a, the resulting 
lustering 
oe�
ientfor a node of degree k will be on average c(k) = N∆

k(k−1)/2 = ak
k(k−1)/2 ≈ 2ak

k2 = 2a
k .16



fun
tion (as in WPR), or depends linearly on distan
e (not shown), or is someother monotonously de
reasing fun
tion of distan
e (as in BPDA).
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(b)Fig. 5. Clustering spe
tra c(k) in the lastfm data (•) and the models �tted to it. a) Itis notable that the 
urve is �at for the spatial models (+ BPDA, × WPR), implyingthat the neighbors of high 
onne
tors have the same probability of being dire
tly
onne
ted as the neighbors of a small degree node, unlike in the data. b) In boththe TFC models and the data, 
lustering de
reases with degree k. RepresentativeTFC models 2 DEB, ⋄ KOSKK, and ⋆ Váz are shown. Error bars denote standarddeviation of the averages of ea
h network in ea
h bin. Bins 
ontaining fewer than 20elements were omitted be
ause they would not display reliable averages and standarddeviation.The 
ompa
tness of a network is des
ribed by the distribution of path lengths(Fig. 6, right). All of the models in this study in
lude a me
hanism for gen-erating random links a
ross the network, whi
h 
reate short
uts and greatlyredu
e path lengths. It follows that, apart from the spatial model treated one-dimensionally (BPDA), in whi
h path lengths are strikingly long 
omparedto the data, all networks display reasonable path lengths. The median pathlengths in the spatial model treated in 2D are also slightly larger than inthe data. The dynami
al TFC models and TOSHK are perhaps slightly too
ompa
t, with largest path lengths falling below those in the data. The dif-feren
es are not very important, however, apart from the 1-dimensional 
ase.For referen
e, even in an extremely large a
quaintan
e network of several mil-lion individuals worldwide (Leskove
 and Horvitz, 2008), the average distan
ebetween two individuals was 6.6, and path lengths up to 29 were found.We would naturally also like to assess the 
ommunity stru
ture, or 
lusterswithin the networks. Perhaps the simplest possible measure of 
ommunitystru
ture is the number of 
liques, or fully 
onne
ted subgraphs, of di�erentsizes in the networks (Fig. 7). Be
ause the number of nodes and links in thenetworks is the same, the di�erent numbers of 
liques are an indi
ator of thedistribution of links in the network and not simply of global link density. Thespatial models fare best, produ
ing a 
lique size distribution 
omparable tothe data sets in both �ts. The dynami
al TFC models have trouble produ
ing17
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Váz
TOSHK
KOSKK
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WPRFig. 6. Shortest path lengths in the lastfm data (thi
k bla
k line) 
ompared with themodels �tted to it. The spatial model treated as 1-dimensional (BPDA) naturally hasthe longest shortest paths. Otherwise there are no great di�eren
es. The Váz model,surprisingly, has rather long shortest paths despite its broad degree distribution.Generally, high degree nodes de
rease path lengths a
ross the network, but the highassortativity of the Váz networks seems to 
ounter the e�e
t. The other models areslightly too 
ompa
t, and the spatial model treated two-dimensionally, WPR, hasslightly too long median path lengths.large enough 
liques when link density is low (the lastfm �ts). MVS produ
edthe fewest large 
liques, followed by KOSKK and DEB. A possible explana-tion of why the MVS model produ
es the fewest 
liques is indi
ated by the
omparison of Se
tion 4.2, where node deletion is seen to preserve more 
liquesthan link deletion. In the email �t, with higher link density, the TFC mod-els produ
e more reasonable numbers of 
liques of di�erent sizes. Of the twogrowing models, Váz produ
es far too many 
liques in the email �t, whileTOSHK produ
es too few in both �ts. The parametrization of the TOSHKmodel, requiring that the number of se
ondary 
onta
ts be drawn from a uni-form distribution, severely limits the number of 
oin
ident triangles and hen
e
liques whi
h 
an be formed.To obtain further understanding of the 
ommunity stru
ture of the networks,we will employ an edge 
hara
teristi
 
alled the overlap Oij (Onnela et. al,2007b), whi
h bears resemblan
e to the measure of edgewise shared partners.The overlap indi
ates, for the end nodes i and j of the edge, whi
h fra
tionof their neighbors are 
ommon to both. The measure varies between 0 and 1and is de�ned as

Oij =
nij

(ki − 1) + (kj − 1) − nij
, (1)where nij is the number of neighbors 
ommon to both nodes i and j, and

ki and kj are their degrees. Overlap is de�ned for edges with at least oneend having degree larger than one. Be
ause we are dealing with the largest
onne
ted 
omponents of the networks, overlap is de�ned for all edges. Withina 
luster, adja
ent nodes tend to share many neighbors, and thus overlap ishigh, while edges between 
ommunities will often have low or zero overlapvalues. The measure 
an dis
ern 
lusters, or 
ommunities, in whi
h the endnodes of ea
h link share a larger fra
tion of their neighbors than the end nodesof links 
onne
ting the 
luster to the rest of the network.18



3 4 5 6 7 8 10 12 14
10

−2
10

−1
10

0
10

1
10

2
10

3
10

4

Clique size

N
um

be
r 

of
 c

liq
ue

s
3 4 5 6 7 8 10 12 14

10
−2

10
−1

10
0

10
1

10
2

10
3

10
4

Clique size

N
um

be
r 

of
 c

liq
ue

s

3 4 5 6 7 8 10 12 14
10

−2
10

−1
10

0
10

1
10

2
10

3
10

4

Clique size

N
um

be
r 

of
 c

liq
ue

s

3 4 5 6 7 8 10 12 14
10

−2
10

−1
10

0
10

1
10

2
10

3
10

4

Clique size

N
um

be
r 

of
 c

liq
ue

s

3 4 5 6 7 8 10 12 14
10

−2
10

−1
10

0
10

1
10

2
10

3
10

4

Clique size
N

um
be

r 
of

 c
liq

ue
s

3 4 5 6 7 8 10 12 14
10

−2
10

−1
10

0
10

1
10

2
10

3
10

4

Clique size

N
um

be
r 

of
 c

liq
ue

s

Fig. 7. Assessing the 
ommunity stru
ture of the networks: Cliques in the modelnetworks �tted to the lastfm (•) data (top row) and the email (◦) data (bottomrow). From left to right: spatial models (+ BPDA, ×WPR), dynami
al TFC models(2 DEB, ⋄ KOSKK, ▽ MVS ), and growing TFC models (TOSHK △, Váz ⋆).Cliques within larger 
liques, su
h as triangles within a 4-
lique, are not 
ounted.In order to separate su
h 
lusters and observe their sizes, we now removelow overlap links from ea
h network. Removing links up to a 
ertain overlapvalue is 
alled thresholding by overlap. Thresholding breaks the network into
omponents (
onne
ted subsets of nodes). We monitor both the size of thelargest 
omponent and the densities of the smaller 
omponents that breakapart. If all 
omponents remaining after thresholding are small, the network
onsists of small 
lusters held together by low overlap links. Su
h stru
ture isdepi
ted in Fig. 8(a). If a large 
omponent remains, on the other hand, thenetwork has a 
ore whi
h does not 
onsist of su
h loosely 
onne
ted 
lusters,Fig. 8(b). We note that the impli
it de�nition of 
ommunities entailed bythis approa
h is useful when we are dealing with networks with very 
learand loosely 
onne
ted 
lusters. We do not propose it as a general de�nition of
ommunity stru
ture, nor present thresholding by overlap as a general methodof 
ommunity dete
tion suitable for all types of networks.Fig. 9(a) displays the relative sizes of the largest 
omponent after removingzero overlap links for the lastfm data and the models �tted to it. The spatialmodels break down to small 
lusters, whereas in the other models a large 
oreremains. This seems to indi
ate that the spatial models have the stru
turedepi
ted in Fig. 8(a), while the others do not. However, we know that thespatial models have a larger fra
tion of zero overlap links than most of theothers (Table 6). Did they break down while the others didn't simply be
ausea larger number of links was removed from them than from the other models?We 
an test this by removing an equal fra
tion of the lowest overlap links from19



all networks (41%, the maximum fra
tion of links removed from any networkwhen only zero overlap links were removed). The result is shown in Fig. 9(b).Again, a 
ore remains inta
t in most of the TFC models, an ex
eption being theKOSKK model. Panel b) displays 
omponent link densities d = 2 l/s(s − 1),where s is the number of nodes in the 
omponent and l the number of links,in the 
ase where zero overlap links have been removed. The densities are alsoobserved to be higher in the spatial models than in the others (Fig. 9), despitethe fa
t that more links were removed from the spatial models due to theirlarger fra
tion of zero overlap links.We 
an 
on
lude that spatial models do indeed 
onsist of denser 
lusters moreloosely 
onne
ted with one another than most of the TFC models and thelastfm data. The KOSKK model, whi
h is known to be able to produ
e very
lear 
ommunity stru
ture (Kumpula et al., 2007), bears resemblan
e to thespatial models in that it breaks down when small overlap links are removed.In the email �ts, link density in the network is higher, and it takes slightlylarger overlap links to de
ompose the network to small 
lusters (not shown),but the di�eren
e between the spatial and TFC models remains.As a 
omplementary observation to the role of low overlap links as bridges be-tween 
ommunities, we 
an ask how many zero overlap links there are in thenetwork, and where they are lo
ated. They 
ould reside mostly between 
lus-ters, as depi
ted in Fig. 8(a), or largely in leaves and 
hains on the 'boundary'of the network, as in Fig. 8(b). Table 6 displays the statisti
s for both data setsand all models �tted to them. It seems plausible that in a growing networknodes that re
ently joined the network would produ
e a lot of leaves on theboundary of the network. This is indeed the 
ase with the Váz model, whi
hhas the highest fra
tion of nodes and links belonging to leaves and 
hains, andto a large extent also in the data sets. The data sets 
an also be thought ofas growing networks be
ause links and nodes in them a

umulate over timeand are rarely removed. In the spatial models, a mu
h smaller fra
tion of zerooverlap links and also a smaller fra
tion of nodes resides in leaves and 
hains,parti
ularly in the email �ts.4.2 Comparison of me
hanisms for triadi
 
losure and tie removalIn order to gain better insight on the di�erent me
hanisms employed in thedynami
al models based on triadi
 and fo
al 
losure, we will 
ombine someof them and 
ompare the resulting networks. We take as a starting pointthe simplest of the dynami
al models, the 2-parameter DEB model, whi
hemploys triad formation me
hanism T1 and node deletion. Remember thatnode deletion refers to deleting all the links of a node, whereas link deletionrefers to deleting randomly sele
ted links. Both are used as a me
hanism of20
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(b)Fig. 8. S
hemati
 depi
tion of the stru
tural di�eren
es related to links with lowoverlap (links whose end nodes have very few 
ommon neighbors). a) Low overlaplinks 
onne
t small, relatively tightly bound 
lusters together. The spatial modelsdisplay this type of stru
ture. b) The network 
ontains a 
ore that does not disinte-grate when low overlap links are removed, although small 
lusters and a large numberof single nodes do break apart. A large fra
tion of both nodes and zero overlap linksbelong to leaves of 
hains. Most of the TFC models have this stru
ture.
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DEB
MVS
KOSKK
TOSHK
Vaz
BPDA
WPR (
)Fig. 9. Panels a) and b) show the relative size of the largest 
onne
ted 
omponent

RLC after removing links, relative to the largest 
omponent in the original network,in the lastfm data and the models �tted to it. a) RLC in the models �tted to thelastfm data after removing links with overlap O = 0. The spatial models break downto small 
omponents, while in the other models and the data a relatively large 
oreremains inta
t. b) To show that the breakdown of the spatial models was not simplydue to a larger number of links removed, we now remove the same fra
tion of thelowest overlap links from all models and data (41%, the maximum fra
tion removedin Fig. 9(a)). Again, a 
ore remains inta
t in most of the TFC models and the data,while the spatial models and the KOSKK model break down to small 
lusters. 
)Link densities d(s) in 
lusters of size s in the models �tted to the lastfm data, afterremoving links with overlap O = 0. The largest 
omponent is not in
luded. Thespatial models show highest 
luster density, followed by the KOSKK model andthen the other TFC models.redu
ing links in order to keep the network from be
oming fully 
onne
ted.By varying the me
hanisms of triad formation and deletion of ties, we obtainfour di�erent models (see Fig. 10, a). Note that these me
hanisms do not yet21



Table 6Statisti
s of zero overlap links.model / data % l0 % lc % nc model /data % l0 % lc % nclastfm 31.2 14.3 30.0 email 22.4 2.8 13.7DEB 20.1 ± 0.5 7.7 ± 0.3 16.1 ± 0.4 DEB 4.1 ± 0.5 1.2 ± 0.2 5.8 ± 0.8MVS 32.0 ± 0.6 4.8 ± 0.2 10.0 ± 0.3 MVS 17.2 ± 1.9 0.3 ± 0.1 1.6 ± 0.4KOSKK 34.5 ± 0.5 8.1 ± 0.3 17.0 ± 0.6 KOSKK 33.1 ± 0.9 1.1 ± 0.2 5.4 ± 0.7TOSHK 22.4 ± 0.4 6.1 ± 0.2 12.8 ± 0.4 TOSHK 4.7 ± 0.3 0.1 ± 0.1 0.4 ± 0.2Vàz 21.2 ± 0.4 20.6 ± 0.4 43.3 ± 0.6 Vàz 5.2 ± 0.4 5.1 ± 0.4 24.5 ± 1.9BPDA 35.5 ± 0.6 3.7 ± 0.2 7.8 ± 0.4 BPDA 26.7 ± 0.8 0.01 ± 0.01 0.05 ± 0.07WPR 40.9 ± 0.5 3.5 ± 0.2 7.5 ± 0.4 WPR 41.2 ± 0.8 0.01 ± 0.01 0.06 ± 0.07Per
entage of links having zero overlap (% l0), and per
entages of links (% lc)and nodes (% nc) belonging to leaves and 
hains as depi
ted in Fig. 8(b). (lc is asubset of l0.)
fully determine the models. We will follow the original DEB model in thata node �rst 
onne
ts to two randomly 
hosen nodes before it starts formingtriads, after whi
h it no longer makes random 
onne
tions.Two �ndings speak in favor of using the node deletion me
hanism: The degree-degree 
orrelation plot (Fig. 10, b) shows that node deletion produ
es more as-sortative networks than the link deletion me
hanism. In fa
t, the 
ombinationof link deletion with T1 produ
es dissortative networks. As so
ial networks aretypi
ally assortative, it might be re
ommendable to use node deletion in dy-nami
al models of so
ial networks. Node deletion also preserves more 
liques inthe network, a desirable feature for so
ial networks, than link deletion (Fig. 10,
). The larger number of 
liques preserved by node deletion is not explainedby the 
lustering 
oe�
ients, whi
h turned out to be similar in all networks.The parameters were sele
ted su
h that NLC and 〈k〉 mat
hed the lastfm data.The 
hoi
e of triangle generation me
hanism, on the other hand, is seen toa�e
t the degree distribution. Networks generated with the T1 me
hanismhave higher degree nodes than those using the T2 me
hanism (Fig. 10, d).The explanation arises from the fa
t that following a link is more likely tolead to a highly 
onne
ted node than pi
king a node randomly. Be
ause inT1 both of the nodes gaining a link in the triad formation step are 
hosen byfollowing a link, high degree nodes obtain more additional links than whenthe T2 me
hanism is used, in whi
h one of the nodes is 
hosen randomly. Theshape of the degree distribution is the same in both 
ases, however, so it is notlikely to have a qualitative e�e
t on pro
esses taking pla
e on the network.The 
hoi
e of T1 or T2 does not seem to have an e�e
t on the number or sizeof 
liques generated, nor on degree-degree 
orrelations.22
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(d)Fig. 10. Comparing di�erent me
hanisms employed in dynami
al sto
hasti
 algo-rithmi
 models. a) Two ways of triad formation (T1 and T2) are 
ombined withtwo ways of deleting links (node deletion refers to deleting all links of a node, andlink deletion refers to deleting randomly sele
ted links). b) Average nearest neighbordegree 〈knn〉 with respe
t to node degree k, variants arranged as in the s
hemati
�gure. The lastfm data is also shown in ea
h panel. The model variants using T1show a 
learly assortative relation, suitable for so
ial network models, whereas theT2 networks are dissortative or very weakly assortative. 
) Cliques. Model variantsusing node deletion produ
e more and larger 
liques than those using link deletion,but all of these very simple models fall short of the data. d) Degree distribution.Model variants using T1 produ
e nodes with higher 
onne
tivities than those usingT2.5 Dis
ussionWe have studied a set of sto
hasti
 algorithmi
 (SA) models for so
ial net-works belonging to two basi
 
ategories, one based on intrinsi
 features of thenodes and homophily (spatial models, SM) and the other on lo
al networktopology (topologi
al models, TM). In the 
ategory of topologi
al models, wefo
us on models that use me
hanisms of triadi
 and fo
al 
losure (TFC). No
ategorization 
ould neatly label all existing models, but the distin
tion wemade was useful for the purposes of the 
omparison. We sele
ted representa-23



tive models of ea
h 
ategory, and 
ompared the various models with the aim ofassessing their ability to reprodu
e essential features of real world so
ial net-works. We determined for ea
h model a set of parameter values that produ
edthe best mat
h to the data, and observed the networks obtained using thoseparameters. The parti
ular sele
tion of data sets to whi
h we �t the modelsis not of 
ru
ial importan
e, be
ause they resemble other so
ial networks inthe features that we are interested in: they have high 
lustering, degree distri-butions that imply the presen
e of high degree nodes, positive degree-degree
orrelations, a de
reasing 
lustering spe
trum, and 
lustered stru
ture.Due to the di�erent numbers of parameters in the models, and their di�erentadaptability, some models 
ould mat
h more data features than others. Natu-rally, the models with only two parameters allowed only two average quantitiesto be �tted. Therefore, on
e largest 
omponent size and average degree weremat
hed, we had no 
ontrol over 
lustering, assortativity, path lengths, orany other network features. In general, the more parameters, the more �ex-ibility in �tting, but the me
hanisms employed in the models greatly a�e
tadaptability. Having many parameters did not ensure that parti
ular networkfeatures 
ould be simultaneously obtained. One 
ould argue that the sele
tionof a me
hanism is in essen
e a parameter as well.The homophily prin
iple employed in the spatial models was seen to be suf-�
ient for produ
ing strong positive degree-degree 
orrelations. When linkprobability is based on distan
e, high 
onne
tors arise in lo
ations with adense population of nodes, so that many of their neighbors will also be high
onne
tors. The spatial models also produ
ed a large number of 
liques, and
onsisted of 
lusters loosely 
onne
ted with low overlap links. Their 
lusteredstru
ture was more pronoun
ed than in the data. Spatial models in whi
hthe nodes are lo
ated with uniform probability in the underlying so
ial spa
eand links are based solely on homophily, produ
e a 
lustering spe
trum c(k)strikingly di�erent from observed data, indi
ating that it is not a su�
ient de-s
ription of the me
hanisms at play in the formation of so
ial networks. Thespatial models based on homogeneously distributed node 
hara
teristi
s alsoprodu
e peaked degree distributions without very high degree nodes whi
h,based on our data and previously published data, does not seem appropriatefor large so
ial networks.The topologi
al models based on triadi
 and fo
al 
losure (TFC) produ
edreasonably realisti
 degree distributions and 
lustering with respe
t to degree.The dynami
al TFC did not produ
e very high assortativity, unlike the spatialmodels and the growing TFC, although we need to keep in mind that highassortativity was spe
i�
ally attempted only in �tting the KOSKK model.Many of the TFC models produ
ed a relatively small number of 
liques, fewerthan were observed in the data. Most of the TFC models, in a

ordan
e withthe data, 
ontained a large 
ore that did not break apart when low overlap24



links were removed. Only the KOSKK model broke down with removal of lowoverlap links. With respe
t to thresholding by overlap, the KOSKK modelseemed to display the 
learest 
lustered stru
ture of all the TFC models. Theweights employed in tie formation in the KOSKK model apparently play animportant role in the formation of 
ommunity stru
ture in TFC models, as theauthors observed (Kumpula et al., 2007). The TFC models also had a largefra
tion of their nodes and zero overlap links residing in leaves or 
hains, as inthe data, whereas in the spatial models the zero overlap links mostly residedbetween 
lusters.In order to observe the e�e
ts of the di�erent me
hanisms employed in thedynami
al TFC models in a more 
ontrolled way, we 
ombined them in foursimple models and 
ompared the out
omes. The triad formation me
hanismin whi
h two neighbors of a node were linked (T1), was observed to generatehigher degree nodes than the me
hanism linking a node to a neighbor of aneighbor (T2). Deleting links in 
onne
tion with an individual, as opposed todeleting random links, in
reased assortativity and the density of 
liques in thenetwork, both desirable features for so
ial networks.Many aspe
ts of so
ial networks were attained even with very simple me
ha-nisms. However, neither the spatial models based on homophily, nor the topo-logi
al models based on triadi
 and fo
al 
losure, were able to reprodu
e allimportant features of so
ial networks. It seems obvious that any model forlarge s
ale so
ial networks ought to take into a

ount geographi
al fa
tors, andperhaps homophily based on so
ial 
hara
teristi
s as well, but that the roleof triadi
 and fo
al 
losure in the formation of links should not be negle
ted.As both me
hanisms obviously are present in the evolution so
ial networks, a
ombination of the model types 
ould yield more realisti
 networks.
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A AppendixA.1 Basi
 network measuresThe network representation of so
ial 
onta
ts 
onsists of nodes representing theindividuals, and links representing the ties between them. We denote by N thenumber of nodes in a network, i.e. network size. A 
omponent of a network is a
onne
ted subset of nodes. In this paper, we study the largest 
omponent LC of ea
hnetwork. Unless the network is very fragmented, the largest 
omponent 
ontains alarge fra
tion of the nodes. We denote the size of the largest 
omponent by NLC .The number of network neighbors of a node is 
alled its degree k. An isolated nodehas degree zero. The bra
kets 〈 〉 denote averaging over all nodes (or links) withinthe network. Averaging over several networks is not expli
itly denoted in the plotsand tables in this paper, but they always 
ontain values averaged over 100 networkrealizations.A measure of lo
al triangle density, the 
lustering 
oe�
ient, des
ribes the extentto whi
h the neighbors of node i are a
quainted with one another: if none on themknow ea
h other, ci is zero, while if all of them are a
quainted, ci = 1. For a node iwith degree ki and belonging to Ti triangles, the 
lustering 
oe�
ient is de�ned as
ci =

Ti

ki(ki − 1)/2
, (A.1)where the denominator ki(ki − 1)/2 expresses the maximum possible number oftriangles i 
ould belong to given its degree. The 
lustering 
oe�
ient is not de�nedfor nodes with degree k < 2. The average 
lustering 
oe�
ient, averaged over allnodes with k ≥ 2 in the network, is denoted 〈c〉. c(k) denotes the average 
lustering
oe�
ient of nodes having degree k. The 
urve c(k) is 
alled the 
lustering spe
trum.It has been observed that so
ial networks are typi
ally assortative, 'popular peopleknow other popular people'. One way of quantifying this e�e
t is using linear 
orre-lation, or the Pearson 
orrelation 
oe�
ient, between the degrees ki and kj of pairsof 
onne
ted nodes, also 
alled the assortativity 
oe�
ient r (Newman, 2002):

r =

∑

e kikj/E −
[
∑

e
1
2(ki + kj)

]2
/E2

∑

e
1
2(k2

i + k2
j )/E −

[
∑

e
1
2(ki + kj)

]2
/E2

,where E is the total number of links in the network. A positive value of the assorta-tivity 
oe�
ient signi�es that the nodes with a large number of ties are 
onne
tedto one another more likely than would be expe
ted by 
han
e, and nodes with asmall number of ties are 
onne
ted more likely with one another. A negative valuesigni�es that mostly nodes with small degree are 
onne
ted to the large 
onne
tors,whi
h are not dire
tly linked between themselves. Of 
ourse, this measure only 
ap-tures the linear part of the 
orrelation. Assortativity 
an also be quanti�ed using the26



measure average nearest neighbor degree 〈knn(k)〉, found by taking all nodes withdegree k, and averaging the degrees of their neighbors. If the 
urve 〈knn(k)〉 plottedagainst k has a positive trend, nodes with high degree typi
ally also have high-degreeneighbors, hen
e the network is assortative.The shortest path length lij between nodes i and j in a network means the minimumnumber of links that need to be traversed in order to get from i to j. The averagelength 〈l〉 of shortest paths between nodes des
ribes the 
ompa
tness of the network.A.2 Determining optimal network parametersWe attempt to �nd the best network parameters (optimal points in the parameterspa
e) whi
h produ
e network realizations whose features mat
h our data as 
loselyas possible. We attempt to minimize the relative error in ea
h 
hosen feature. Forthe average degree 〈k〉 in a model with given parameters p, for example, being �ttedto a data set with average degree 〈k〉target, the relative error would be
|ǫ〈k〉(p)| =

∣

∣

∣

∣

∣

〈k〉 (p) − 〈k〉target

〈k〉target

∣

∣

∣

∣

∣

. (A.2)The errors for ea
h feature are 
ombined in the error fun
tion f , whose norm |f | isthen minimized. For example, when �tting to NLC , 〈k〉 and 〈c〉, the error fun
tionwould take the shape
f(p) =

[

wNLC
ǫNLC

w〈k〉ǫ〈k〉 w〈c〉ǫ〈c〉
]

, (A.3)and its norm, whi
h we attempt to minimize, would be
|f(p)| =

√

w2
NLC

ǫ2
NLC

+ w2
〈k〉ǫ

2
〈k〉 + w2

〈c〉ǫ
2
〈c〉. (A.4)Whenever the model is able to mat
h the target values 
losely, the result is notsensitive to the weights w. If all values 
annot be exa
tly mat
hed despite a largeenough number of parameters, the weights determine whi
h parameters are mat
hedmore 
losely. In su
h a 
ase (WPR, lastfm �t), we put more emphasis on mat
hingthe number of nodes and links, less on 
lustering and least on average shortest pathlengths. The values of the weights matter only in relation to one another, and hen
ethe weights 
an be s
aled su
h that w2

〈NLC〉 + w2
〈k〉 + w2

〈c〉 = 1. The error fun
tionshould have equally many 
omponents as there are network parameters.We attempt to �nd the network parameters p that produ
e the minimum value ofthe norm (A.4). It is important to know how the error fun
tion depends on theparameters - is it smooth, does it have many lo
al minima, et
. Visualization helpsto make sure that the fun
tion is smooth enough and that the found optimum isa true optimum and not just a lo
al minimum or due to random �u
tuation. Thesimple graphi
al method of visualization 
ould also be used for lo
ating the optimalparameter values. However, as it takes a lot of 
omputation time to evaluate the27



fun
tion at a large number of points, most of whi
h are far from the optimum, it isnot an e�
ient optimization method.Several more sophisti
ated methods are available for optimizing sto
hasti
 fun
tions.One of the methods we used 
onsists of using a linear approximation for the 
ompo-nents of the error fun
tion, and iteratively re�ning the approximation 
lose to theoptimum. We also used the well established Nelder-Mead method (Nelder and Mead,1965), whi
h involves 
al
ulating values of the error fun
tion at the 
orners of a sim-plex (a triangle in 2-dimensional spa
e, a tetrahedron in 3D). The optimal value ofthe error fun
tion is iteratively approa
hed by rolling one 
orner of the simplex overthe others su
h that the obje
t moves towards the region where the fun
tion getsoptimal values. The diameter of the simplex is adjusted during iteration to in
reasea

ura
y. Sometimes analyti
al estimates derived by the authors of the models 
ouldbe used as a starting point in optimization (BPDA, Váz). These initial estimateswere then re�ned by optimization.
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