
Helsinki University of Te
hnology Saramäki/HeimoLaboratory of Computational EngineeringS-114.4150 Complex Networks, autumn 2006Problem set #5 (due Thu. 7.12.)1. In this exer
ise we study di�usion (or random walks) on undire
tedweighted networks. We start by imagining pla
ing large number ofrandom walkers onto the verti
es of a network. These walkers areallowed, in ea
h time step, to move along adja
ent verti
es along theedges 
onne
ting them. The edge, along whi
h a walker 
hooses tomove, is pi
ked randomly with a probability proportional to the weightof the edge (i.e., a walker moves from vertex i to j with probabilityWij=Pk Wik). We assume that si =PkWik � 1; 8i.a) Let us denote the fra
tion of walkers at vertex i at time t by �i(t).Derive the transfer matrix of the pro
ess, i.e., the matrix T thatsatis�es �(t + 1) = T�(t); (1)where �(t) = (�1(t); �2(t); : : :)T .b) Show that T is diagonalizable. (Hint: Remember that it is enoughto show that T is similar with a symmetri
 matrix. Why?)
) Show that j�ij � 1 for all i.d) Show that maxi �i = 1.2. Let Gi be time series of length T , i = 1; 2; : : : ; N and let us de�ne the
orrelation matrix of the time series byCij = hGiGji � hGiihGji�i�j ; (2)where �i =phG2i i � hGii2 and the angular bra
kets denote time aver-age. Now we 
an 
onstru
t a weighted network by de�ningWij = d(i; j) =q2(1� Cij): (3)Show that W is a distan
e matrix, i.e., that(i) d(i; j) = 0 , Gi = Gj(ii) d(i; j) = d(j; i)(iii) d(i; k) � d(i; j) + d(j; k): (4)



3. In this exer
ise, we will think about the 
onsequen
es of �nite networksize on observed degree distributions. Consider you have empiri
al dataon a network of N verti
es. Let us assume that (independent of yourobservations) you somehow know that this network has an underlyings
ale-free degree distribution P (k) / k�
 and the observed networkis just a �nite-size realization. Let us fo
us on the observed degreedistribution.a) At some value k = k
, your observed degree distribution P 0(k) =N(k)=N be
omes dis
ontinuous, meaning that for degrees smallerthan this, you 
an always �nd at least one vertex. To get a betterestimate of P 0(k) for k > k
 the data is usually binned or shownas 
umulative distribution.Let us approximate k
 by 
onsidering that in �nite-size realizationsof networks with P (k) / k�
 there is on the average at least onevertex for any k � k
, and for k > k
 on the average less than this.How does k
 behave as fun
tion of N? (You 
an assume that theprefa
tor of the distribution is O(1), so forget it) If 
 = 3, howlarge should your network be in order for the 
ontinuous part ofthe degree distribution to rea
h 100, ie k
 = 100?b) At k > k
 the observed degree distribution P 0(k) is dis
ontinuous.If the "real" distribution is again as above, what is the maximumdegree kmax we observe? You 
an think e.g. that there is only onevertex with k � kmax.
) Consider now that the "real" degree distribution is s
ale-free onlyasymptoti
ally, P (k) / 1= [k(k + 1)(k + 2)℄. Nevertheless youtake its tail and �t P 0(k) / k�3. At what degree does the resultingfra
tional error be
ome less than 1%, i.e. P (k)=P 0(k) = 99=100?(You may assume that the 
onstant prefa
tors are the same forboth distributions and so they 
an
el out). Given the above ob-servations, what 
an you qualitatively say about the network sizeneeded for getting an a

urate estimate of the asymptoti
 powerlaw exponent?4. Suppose we have the following simple model of growing networks: westart with a small seed, e.g. a triangle with all weights equal to one.Then, at ea
h time step, we pi
k an edge jk with probability propor-tional to its weight, �jk = wjk=Pw. Then we 
onne
t a new vertex nto verti
es j and k with links of weight wnj = wnk = 1, and in
reasewjk by an amount Æ. This pro
ess is then repeated.



a) Write down a rate equation for the evolution of the average weightof an edge whi
h was "born" at t = i, � hw(i; t)i =�t. Solve it forhw(i; t)i. Here, i is just the index of an edge and marks the timet = i when the edge was "born". You may assume that the totalweight in the network at t = 1 is negligible, i.e. Pw � (2 + Æ)t.b) Assume that this "mean-�eld" equation is exa
t, i.e. there are no�u
tiations. Then the weight distribution 
an be written asP (w) = 12t Z i=ti=1 Æ (w � hw(t; i)i) di(There are 2 edges born at every time step). The same tri
k aswith the degree distributions 
an be used here:P (w) = 12t Z i=ti=1 Æ (w � hw(i; t)i) di= � 12t Z w(i=1;t)w(i=t;t) Æ (w � hw(i; t)i) did hw(i; t)id hw(i; t)iwhi
h, due to how the delta fun
tion works, equalsP (w) = � 12t didhw(i;t)i evaluated at hw(i; t)i = w.The weight distribution should be a power law - what is its expo-nent?If in trouble, 
he
k out Phys. Rev. Lett. 92, 228701 (2004) for a similarkind of derivation with the BBV model.


