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Magnetoencephalography (MEG) allows millisecond-scale non-invasive

measurement of magnetic �elds generatedby neural curr ents in the brain. How-

ever, localization of the underlying curr ent sourcesis ambiguousdueto the so-called

inverseproblem. The most widely usedsourcelocalization methods(i.e., minimum-

norm and minimum-curr ent estimates(MNE and MCE), and equivalent curr ent

dipole (ECD) �tting) require ad hoc determination of the cortical curr ent distrib u-

tion (` 2-, ` 1-norm priors, and point-sized dipolar, respectively). In this article, we

perform a Bayesiananalysisof the MEG inverseproblem with ` p-norm priors for

the curr ent sources.This way, we circumvent the arbitrary choicebetween` 1- and

` 2-norm prior , which is insteadrenderedautomatically basedon the data. By obtain-

ing numerical samplesfr om the joint posterior probability distrib ution of the source

curr ent parametersand model hyperparameters(suchasthe ` p-norm order p) us-

ing Mark ov chain Monte Carlo (MCMC) methodswe calculatedthe spatial inverse

estimatesasexpectationvaluesof the sourcecurr ent parametersintegrated over the

hyperparameters. Real MEG data and simulated (known) sourcecurr entswith re-

alistic MRI-based cortical geometryand 306-channelMEG sensorarray wereused.

While the proposedmodel is sensitive to source spacediscretization sizeand com-

putationally rather heavy, it is mathematically straightforward, thus allowing in-

corporation of, for instance,a priori functional magneticresonanceimaging (fMRI)

information.

Keywords: MEG inverse;Bayesianinference;̀ p-norm;MCMC; slicesampling
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Intr oduction

Magnetoencephalography (MEG)allowsnon-invasivemeasurementof themagnetic�elds

generatedby neuralactivity of theliving brain(e.g., Hämäläinenetal.,1993;Baillet etal.,

2001;VrbaandRobinson,2001).Along with clinical applications,MEG is usedin stud-

iesof basicsensory(auditory, visual,andsomatosensory)processesaswell ascognitive

functions. Time resolutionof this methodis excellent (� milliseconds),but in order to

locatetheunderlyingsourcecurrentsaccuratelyon thebasisof MEG dataoneneedsto

solve the so-calledelectromagneticinverseproblem,which doesnot have a uniqueso-

lution (Sarvas,1987). Therefore,additionalconstraintsare neededto selectthe most

feasibleestimatefrom themultitudeof possiblesolutions.

A traditionalapproachto theMEGinverseproblemis toemploy theequivalentcurrent-

dipole(ECD)model,whichreliesontheassumptionthattheextentsof theactivatedareas

aresmallenoughto beadequatelymodelledwith dipolarpoint-like sources.Usingfully

automaticor manuallyguided,often partly heuristic,�tting methodsthe modelgiving

best�t to the measureddatais obtained.A downsideis that the numberandlocations

of the sourcedipolesneedto be known to a certainextent (although,seeMosheret al.,

1992).This is aproblemespeciallywhencomplex cognitivebrainfunctionsarestudied.

Otherwidely usedmethodsemploy distributedsourcecurrentestimates(e.g., Hämä-

läinenet al., 1993;Uutelaet al., 1999;Pascual-Marqui,2002). In thewell-known min-

imum-norm(HämäläinenandIlmoniemi,1984;DaleandSereno,1993;Daleetal.,2000;

Hauk,2004)andminimum-current(Uutelaetal.,1999)estimates(MNE andMCE),extra

informationis embeddedto themodelasmathematical̀ 2- and` 1-normconstraintsonthe

sourcecurrents,respectively. Speci�cally, the leastsquareserror function is combined
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with anadditionalpenaltytermconsistingof aweightednormof thecurrentdistribution.

Unlike dipole �tting, theexactnumberandapproximatelocationsof thesourcesdo not

needto be known in advance. However, the resultingestimatemay be quite diffuse,

especiallyin the caseof the minimum-normestimateand,therefore,it may be equally

dif�cult to discernthenumberof distinctactivatedareasin practise.

In Bayesianinterpretation,MNE andMCE correspondto ` 2- and` 1-normpriors for

thesourcecurrentswith aGaussianlikelihoodfor themeasurements(Uutelaetal.,1999).

The useof prede�nedvalues1 or 2 for the ` p-norm order p is somewhat arbitraryas

it leadsto prior-wise feasibleinversemodelseven thoughany value between1 and 2

couldbe used.The ` 2-norm prior producesoverly smoothandwidely spreadestimates

whereas̀ 1-normestimatesmight betoo focal. Thechoiceof p is subjectto uncertainty,

hencep shouldbe treatedasan unknown variableutilizing Bayesianinference,which

haslatelygainedpopularityin solvingtheelectromagneticinverseproblem(e.g., Schmidt

et al., 1999;Phillips et al., 1997;Baillet andGarnero,1997).Markov chainMonteCarlo

(MCMC) methodshave becomepopularin this methodologydueto rapid expansionof

computingresources(e.g., Kincsesetal., 2003;Schmidtetal., 1999).

In this paper, we performa Bayesiananalysisof theMEG inverseproblemwith ` p-

normpriors,usingMCMC methodsandsimulatedsourcecurrentswith a realisticMRI-

basedforwardheadmodel.Furthermore,we applythemodelon a setof realMEG mea-

surementdata. The purposeof this study is to focuson the Bayesianinterpretationof

theproblem,determineanoptimalsourcespacediscretizationsizewhenthediscretized

pointsareassumedindependentof eachother, andto determinewhetherthereis enough

informationin the datato clarify which ` p-norm prior shouldbe used. We speci�cally

hypothesizethat thereis no singlevaluefor p that would be optimal for all cases,but

4



insteadthevaluedependsonthegrid discretizationsizeandalsoontheunderlyingsource

con�gurationand,therefore,it shouldbeinferredfrom thedataratherthandeterminedad

hoc.

Materials and methods

Simulateddataweregeneratedin orderto testtheperformanceof ourmodelwith a priori

known, functionallyrealistic,sourcelocations(seeFig. 1). Sourcespacewasdiscretized

accordingto realanatomicalMRI-basedbrainsurfacereconstruction(Daleet al., 1999;

Fischletal.,1999;DaleandSereno,1993)andsimulatedsourceswerethenusedto calcu-

latethemeasurements,to which Gaussiannoisewasadded.Thespatialinverseproblem

wasaddressedwith aBayesianmodelutilizing numericalMCMC methods.Differentgrid

sizeswereusedin orderto �nd the optimal discretizationsizeof the sourcespace,and

two separatesourcecon�gurationswereusedto investigatetheeffect of varyingsignal-

to-noiseratio (SNR) andunderlyingsourceextent to the spatialinverseestimate. The

performanceof the ` p-norm modelwasalsotestedwith a real MEG datasetandcom-

paredto similarly implemented̀ 1- and` 2-normprior models.

BayesianinferenceandMarkov chainMonteCarlo –methods

Bayesianinference(Gelmanetal., 2003;Rowe,2003)is a theoryof probabilityin which

both theparametersof themodelandthemeasurementsareconsideredasrandomvari-

ables.Accordingto Bayes'theorem(Gelmanetal., 2003),

P.2 jD ; M / D
P.D j2 ; M / � P.2 jM /

P.D jM /
; (1)
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Fig. 1. Someof the simulatedsourcesare plotted on the in�ated white-graymatter
boundary. The greencolor depictsgyri andred color sulci, respectively. Sourceextent
0 (left column)is a point-sizedfocal sourcewhereasextents1 and2 (middle andright
columns)arewiderandspreadoverasmallsegmentof asulcusor gyrus.

theposteriorprobabilityP.2 jD ; M / is a productof thelikelihoodtermP.D j2 ; M / and

theprior termP.2 jM / , dividedby thenormalizationfactorP. DjM / . Above, P.�j� / de-

notesa conditionalprobability densityfunction, D are the data,2 the modelparame-

ters,andM containsall otherassumptionsin the model. Additional parametersin the

prior term arecalledhyperparametersthat canultimately have higher-level prior struc-

turesleadingto hierarchicalmodels.Theposteriorprobabilitydistribution in Eq. (1) is

generallya functionof severalvariablesandthusdif�cult to visualizeandhandle.There-

fore, thedistribution is oftencharacterizedby theparametersmaximizingit, that is, the

maximuma posteriori(MAP) estimate,or by computingsuitablemarginaldensities.For

theassociatedhighdimensionalnumericalintegration,Markov chainMonteCarlometh-

ods(Gilksetal.,1996),suchastheMetropolis-Hastingsalgorithm,aregenerallyused(see

also,AppendixB). More detailedinformationon Bayesiandataanalysiscanbefoundin

Gelmanetal. (2003).
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Sourcespace

Thewhite-graymatterboundaryof cortex wasreconstructedfrom 3-D T1-weightedhigh-

resolutionMR images(MPRAGE sequence,SiemensSonata1.5T, Erlangen,Germany)

usingthe Freesurfersoftware(seeFischl et al., 1999;Dale et al., 1999),with � 150000

grid pointsrepresentingeachhemisphere.The resultingcortical surfacegeometrywas

overlaidover T1-weightedimagesfor visualveri�cation followedby transformationinto

MATLAB-environment,wherethe simulationsandMCMC samplingwerecarriedout.

To parametricallyoptimize the sizeof discretizationof the sourcespace,given the as-

sumptionof statisticalindependencebetweenneighboringsourcelocations,the number

of possiblesourcespacepointswasreducedto � 200, � 400, � 800, � 1600,and� 3200

grid pointsperhemisphere.Giventhewidely acceptedassumptionthatcorticalcurrents

visible to MEG aregeneratedby synchronouspost-synapticpotentialsof cortical pyra-

midal neurons(Okadaet al., 1997;DaleandSereno,1993),theorientationof thecurrent

sourceswerefurtherconstrainedto beperpendicularto thelocal surfacegeometrywhen

calculatingtheforwardsolution.

Forward model

In MEG, theMaxwell's equationscanbesolvedunderthequasistaticapproximationas-

sumption(Hämäläinenet al., 1993). Thesolutionof the forwardproblemgives,for one

timepoint,thelinearrelationshipbetweenthesourcecurrentsandthemeasuredsignals

b D As C n; (2)
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whereb isanM� 1vectorfor measurements,sisanN� 1vectorfor thesourcecurrents,A

is anM � N gainmatrix,andn aGaussiannoisevector. N is thesizeof thediscretization

of the sourcespace,and M is the numberof measurementsensors. Eachcolumn of

A gives the measuredsignaldistribution for onedipolar currentsource,locatedon the

corticalmantleandperpendicularto thecorticalsurface.

For the computationof A we employed the single-layerboundary-elementmodel

(BEM), which assumesthat the realistically-shapedcranialvolumehasa uniform elec-

trical conductivity andthe skull is a perfectinsulator. For many practicalpurposesthis

model is suf�cient in MEG sourceestimation(see,e.g., HämäläinenandSarvas,1989;

Mosheretal., 1999).

For the locationsof the sensorswe utilized actualdatafrom a measurementon the

subjectwhoseMR imageswere employed in the simulation. The sensorarray of the

Vectorview systemused(ElektaNeuromagOy, Helsinki, Finland) is composedof 306

sensorsarrangedin tripletsof two planargradiometersanda magnetometerat 102 loca-

tions. Theapproximatedistancebetweenadjacentsensorelementsin thearrayis 35 mm

andtheminimumdistanceof thesensorfrom thescalpis 17mm.

Theinverseproblem

Biomagneticinverseproblem(Sarvas,1987)standsfor solvingtheunderlyingcurrentsin

theliving braingiventheMEG measurements.Mathematically, theprobleminvolvesesti-

matings in Eq. (2) from samplesof b. In thisestimationtask,thegainmatrixA is usually

assumedto be preciselyknown. In our model,the numberof measurementsM D 306

is muchsmallerthanthenumberof pointsin theusedgridsand,therefore,theproblem

is underdeterminedanddoesnot have a uniquesolution. Furthermore,neighboringsen-

8



sorshaveoverlapping,non-orthogonalsensitivity patterns(lead�elds; Hämäläinenetal.,

1993)and,asa result,thenumberof independentequationsis evenlessthanM.

The` p-normmodel

We presenta Bayesianmodelconsistingof a Gaussianlikelihoodfor themeasurements

and` p-normprior for thesourcecurrentparameters.In statisticalterms,Eq. (2) canbe

written asa linear regressionmodel. Assumingstatisticallyindependentmeasurements

b D Tb1; b2; : : : ; bMUandzero-meanM-dimensionalnormaldistribution for the noise,

givensourcecurrentparameterss, thelikelihoodis

P.bjs; C/ D
1

p
detC

p
2�

M � exp
�

�
1
2

.b � As/TC� 1.b � As/
�
; (3)

whereC is thenoisecovariancematrix for themeasurements.In thisstudy, C is assumed

to beknown up to anunknown scalingfactorof � l , sothatC D � 2
l

eC whereeC is known

anddiagonal.For computationalconveniencewe introducewhiteningof thegainmatrix,

A, andmeasurements,b, with theknown partof thenoisecovariancematrix,sothat

eA D eC� 1=2A and (4)

eb D eC� 1=2b: (5)

Leaving outnumericalconstants,thelikelihoodsimpli�es to

P.bjs; � l / /
1

� M
l

� exp
�

�
1

2� 2
l

�eb � eAs
� T�eb � eAs

� �
: (6)
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Thescalingfactor� l in theexponentfunctionis a parameterfor compensatingunknown

alternationsin thenoiselevel. For simpli�cation, � l wasassumedhaving a uniformprior

insteadof a moreconventionalchoiceof 1=� l , which would lead to uniform prior for

log.� l / . WhenM is largeand� l closeto one,then1=� M
l � 1=� MC1

l , andthechoiceof

uniformprior for � l is justi�able. In thesimulationpartof this study, thesamplingof the

posteriordistributionof � l is likely to yield valuesaroundoneasthewhiteningwasdone

with aknown (simulated)noisecovariancematrix. In thecaseof realdata,eC is estimated

from themeasurementdataand� l wouldcontain,for instance,informationonuncertainty

of thewhitening.

The` p-normfor vectorv is

kvkp D
� X

i

jvi j p
� 1=p

: (7)

In orderto reducethecorrelationsbetweentheformal` p-normprior width andthesource

currentparameters(evident in our preliminarysamplingruns),yet maintaininga contin-

uousvariableof the norm order p for our prior, we reparametrizeits structure. First,

considerastandardizednormaldistribution

P.x/ D k � exp
�

�
1
2

jxjq
�

with q D 2: (8)

If we let q take any valuesother than2 the classof exponentialpower distributions is

obtained. According to Box and Tiao (1973, Ch. 3.2.1); with q D 2=.1 C � / these
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distributionscanbewrittenas

P. yj� ; � ; � / D ! .� /� � 1exp
�

� c.� /
�
�
�
y � �

�

�
�
�
2=.1C� /

�
; �1 < y < 1 ; (9)

where

c.� / D
�

0
� 3

2.1 C � /
�

0
� 1

2.1 C � /
�
� 1=.1C� /

; �1 < � < 1 ; (10)

! .� / D
0

� 3
2.1 C � /

� 1=2

.1 C � /0
� 1

2.1 C � /
� 3=2 ; � > 0; and � 1 < � � 1: (11)

Parameters� and� arethemeanandstandarddeviation of thepopulation,respectively.

In ourmodel,Eq. (9) is writtenas

P.si j� c; � / D ! .� /� � 1
c exp

�
� c.� /

�
�
�
si

� c

�
�
�
2=.1C� /

�
8i D 1: : : N; (12)

in whichtheelementsof vectors D Ts1; s2; : : : ; sNUareassumedindependent,� D 0, and

c.� / and! .� / areasabove. � is a hyperparameterparametrizingthe ` p-normorder p

and� c is thevarianceof thesourcecurrentamplitudes(prior width). In theBayesiana

priori distribution, this variancecorrespondsto regularizationof theinversesolutionand

in thatsenseit couldalsobecalleda regularizationparameter. Furtheron, thejoint prior

for thesourcecurrentsis simply theproductof all theindependentelements

P.sj� c; � / D ! .� / N � � N
c exp

�
� c.� /

X

i

�
�
�
si

� c

�
�
�
2=.1C� /

�
: (13)

Theenergy functioncorrespondingto theprior is de�ned asa negative naturallogarithm
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of Eq. (13)

� lnP.sj� c; � / D � Nln
�

! .� /
� c

�
C c.� /

X

i

� �
�
�
si

� c

�
�
�
2=.1C� /

�
: (14)

By substituting� D 0 and� D 1 to thesumexpressionof Eq. (14), it simpli�es to

X

i

�
�
�
si

� c

�
�
�
2

D
1

� 2
c

X

i

jsi j2 D
1

� 2
c

ksk 2
2 and (15)

X

i

�
�
�
si

� c

�
�
�
1

D
1
� c

X

i

jsi j1 D
1
� c

ksk 1
1 ; respectively: (16)

Thus,our modelimposesthe ` p-norm(seeEq. (7)) prior for thecurrentsso that,when

� D 1, the model correspondsto ` 1-norm, and when � D 0, the model imposesthe

Euclideannorm,or ` 2-normprior, for thesourcecurrents.Values0 < � < 1 correspond

to valuesof p between2 and1, respectively. Similarly to � l in Eq. (6), a uniform prior

wasalsoassumedfor bothhyperparameters� c and� . Notice,that� is a hyperparameter

de�ning the` p-normorder, sothat

p D
2

1 C � :
(17)

Consequently, our choiceof uniform prior for � will have aneffect on the implicit prior

of p, sothatthemodelslightly favorsvaluesof p closeto 1 over thevaluesof p closeto

2. In Bayesiandataanalysis,this effect might betransferredto theshapeof theposterior

distribution of p andcouldberelevant in makinginferencesbasedon theanalysis.With

the presented̀ p-norm model this effect was insigni�cant consideringour conclusions.

To show this,we performeda prior sensitivity analysisfor � , which is describedin more
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detailedfashionin AppendixA.

Collectingthepiecesof our ` p-normmodelaccordingto Bayes'rule in Eq. (1) and

leaving out thenormalizationfactorwhich is not requiredfor numericalconsiderations,

the joint posteriorprobability distribution for the sourcecurrentss, parameter� l , and

modelhyperparameters� c and�

P.s; � l ; � c; � jb/ / P.bjs; � l / � P.� l / � P.sj� c; � / � P.� c/ � P.� /; (18)

wheremodelassumptionsareexplicitly de�ned in thetext, hyperpriorsP.� l / , P.� c/ , and

P.� / are assumeduniform, and P.bjs; � l / and P.sj� c; � / are as in Eqs. (6) and (13),

respectively. In theresultsanddiscussionsectionsof thepaperwe presenttheposterior

distributionsof p accordingto Eq. (17) andutilize only theparameterp to facilitatethe

reading.

Simulateddatasets

We utilized four functionally relevant sourcelocationsin datasimulations:the left mo-

tor cortex (S1), left dorsolateralprefrontalcortex (S2), right posteriorsuperiortemporal

sulcus(S3), and right primary auditorycortex (S4). With eachlocation,at leastthree

sourceextentswereused. The �rst sourceextent containedonly a singleactive source

spacepoint (0-neighborhood).Theothertypescontained1- and2-neighborhoodsof the

onecenterpoint alongthe original sourcespacegrid. On average,thesecorrespondto

point-sized,� 0.2 cm2, and� 0.7 cm2 physicalsizeson thewhite-graymatterboundary.

In thispaper, thesourceextentis denotedwith subindex (e.g., S10). Theanatomicalloca-

tionsandsourcesareshown onthein�ated white-graymatterboundaryin Fig. 1. Mainly
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we simulatedsinglesources,but alsocombinationsof sourceswerestudiedso that the

total numberof differentsourcecon�gurationsthat wereusedto determinethe optimal

grid discretizationsizewas21. To investigatethe effect of the extent of the underlying

sourcecon�guration, two sources(S1 andS4) wereadditionallyanalyzedwith 4- and

8-neighborhoods(� 3 cm2 and � 15 cm2, respectively). The sourcecurrentamplitude

wassetto be80 nAm for thewholesourceregardlessof its extent. For thecombinatory

sourcesS5(S1andS2active together),thesourcecurrentamplitudeswere80 nAm for

bothor alternatively 80nAm for oneand40nAm for theother.

Dataweregeneratedby usingtheforwardmodelin Eq. (2) to createthe�elds for one

timepoint.Maximumamplitudesof theresultingmagnetic�elds andmagnetic�eld gra-

dientswererealistic,approximately200–400fT for magnetometersand50–200fT/cm for

gradiometers.ThegainmatrixA usedin theforwardcomputationincluded306rowsand

approximately32000columns. This way, the original sourcespacegrid sizecontained

� 16000pointsperhemisphereandconsequently, asthesolutiongrid sizeswereall sig-

ni�cantly smaller, themostobvioustypeof inversecrimewasavoided.Theterminverse

crime is usedto describeall thoseelementsthat are�x ed in the datageneratingmodel

andlaterpresumedknown in thesolutionpart.Naturally, in simulationstudiessuchmod-

elling �a ws might leadto improvedandtoo optimisticresults,but alsoto over�tting and

spuriousmodelswhichwould likely fail in realdatascenarios.

Randomzero-meanGaussiannoisewasaddedto thesimulatedmeasurementvector

b, sothatthemeansignal-to-noiseratiodescribedby

SNRD
bTb

M� 2
n

(19)
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was15for magnetometersandabout60for gradiometers.M is thenumberof sensorsand

� n is the standarddeviation of the correspondingsensornoise. The measurementnoise

wasassumedequalseparatelywithin the threesetsof differentsensors(i.e., two setsof

gradiometers,onesetof magnetometers).In mostcases,SNRwassetto berathergood,

becausewe weremainly interestedwhetherthereis informationin thedatato determine

thenormorder p. Theeffect of SNRto themodelwasexaminedwith two sourcesS12

andS41, sothat themeanSNRfor gradiometermeasurementswasapproximately5, 15,

30,60,and90 (1.25,3.75,7.5,15,and22.5for magnetometers).After addingthenoise,

thesimulateddatawerewhitenedaccordingto Eq. (5).

RealMEGdata

The real MEG datasetcontainedevoked �elds of a self-pacedindex �nger lifting ex-

perimentof a oneright-handedmale,aged27. Thereweretwo conditions: the subject

lifted his (A) right and(B) left index �nger. Electro-oculogram(EOG)artefact rejection

threshold(peak-to-peak)wassetto 150� V, sothat111acceptedtrials wereaveragedin

the �rst conditionand113 in thesecondone. Themeasureddatavectorb wastakenat

a latency of 20 ms from the onsetof �nger movementin both conditions. The known

partof thenoisecovariancematrix eC (seeEq. (5)) wasestimatedasa varianceof each

sensorfrom a 2-minutefragmentof �ltered mesurementdataacquiredwhenthesubject

wassitting in theshieldedroomundertheMEG device doingnothingprior to theactual

experiment.To re�ect thedecreaseof noisedueto averaging,eC wasscaledby dividing

it by thenumberof trials averagedseparatelyfor bothconditions.A Hammingwindow

baseddigital �lter wasusedto removenoisefrom theaveragedevoked�elds andthefrag-

mentof datafrom which eC wasestimated.The passbandedgefrequencieswere[2 18]
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Hz andstopbandedgefrequencies[0.5 20] Hz. Theestimatedmeansignal-to-noiseratio

for theutilized datawasapproximately6/0.1for conditionA gradiometer/magnetometer

measurementsand8/0.1for conditionB. However, thesensorsthatmostlycontainedthe

signal(i.e., the bestSNR),hada fairly goodSNR of about40–70for gradiometersand

1–2for magnetometers.

Samplingprocedureandinverseestimation

All parametersof the model, including sourcecurrentss, hyperparameter� , likelihood

standarddeviation � l , andprior width � c, wereconsideredasrandomvariablesandtheir

distributionswereobtainedutilizing an MCMC methodcalledslice sampling.Samples

weredrawn from thejoint posteriordistributionof thecurrentsandmodelparameters(Eq.

(18))usingmodernLinux-workstations(PentiumIII/4, 1–3.2GHzprocessor, 1024–4096

MB of RAM). Slicesamplingis oftenmoreef�cient thansimpleMetropolisupdatesas

it adaptively choosesthemagnitudeof thechangesmade.Convergencediagnosticsand

time seriesanalysis,suchaspotentialscalereductionfactor(PSRF),wereusedto verify

that theconvergenceof thesamplerwasplausible(RobertandCasella,2004). For more

informationonutilizedsamplingmethodandconvergencediagnosticsseeAppendixB.

The inverseestimateswerecalculatedasposteriorexpectationvaluesof thecurrents

integratedover the hyperparameters� , � c, and� l . This wasdonefor all the simulated

sourcesusingthe` p-normprior model.For visualizationpurposestheestimateson each

grid sizewerethresholdedby settingto zerothecurrentamplitudeof all thesourcepoints

whoseabsoluteamplitudevaluedid not exceed20%of thepeakvalueof thatparticular

estimate. In most cases,the solution estimateswere also interpolatedon the original

corticalmantle(� 16000),sothatthevisualcomparisonwith thesimulatedsourceswould
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beeasier.

Modelchoice

In addition to the visual examinationof the quality of the solutions,the model good-

nesswasestimatedwith a methodbasedon posteriorpredictive sampling.Gelfandand

Ghosh(1998)proposea minimum posteriorpredictive lossapproachin which the cri-

terion,whoseminimum de�nes the optimal model,comprisesof a goodness-of-�tterm

Gm anda penaltyterm Pm, wherem denotesthemodel. In our study, the term Gm was

calculatedasa sumof squarederrorof themodelpredictedmeasurementsaveragedover

21 differentsourcesthat wereusedin the analysis,and Pm wasdeterminedby the sum

of predictive variancesof themeasurements.Thepredictive distribution of themeasure-

mentswasattainedby computingit usingthe forwardmodelin Eq. (2) with thesource

currentsamples.In this particularcase,theposteriorpredictive samplingis easyto do as

we alreadyhave a largeamountof MonteCarlosamplesobtainedfrom theposteriordis-

tribution. Theminimumposteriorpredictive losscriterionfor modelm, Dm D Gm C Pm

(GelfandandGhosh,1998),wascalculatedasan averageover all the sourcesanalyzed

in this study, and thusconsideringthe grid sizeasa variablealtering the modelstruc-

ture. Furthermore,our ` p-normmodelwascomparedwith similar ` 1- and` 2-normprior

modelsby analyzingsimulateddatasetsshown in Fig. 1. Thesemodelswererealizedas

specialcasesof the ` p-normmodelby settingthehyperparameter� to 1 and0, respec-

tively. Basedon the obtainedposteriordistributions,we alsoperformedmodelchoice

usingtheminimumposteriorpredictive lossapproach.
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Results

An MCMC chainwasproducedfor eachof the simulatedsourcesand for eachof the

grid sizesseparately. For thesmallergrid sizes(� 200,� 400,and� 800pointsperhemi-

sphere)the time requiredto draw onesample(i.e., onesetof sourcecurrentparameters

andhyperparameters)from the joint posteriordistribution wasin the orderof 1–4 sec-

onds.At least10000samplesweredrawn for eachof thesechains.For thechainsof the

largergrid sizes(� 1600and� 3200perhemisphere)thetimerequiredfor onesamplewas

about10–25seconds.Despitethetime-consumingcomputerruns,at least3000samples

weredrawn for thesechains.

Theconvergenceof thesamplerappearedto beplausibleby thepotentialscalereduc-

tion factor(seeAppendixB.2.),which wasestimatedeitherfor thedifferentsegmentsof

onechainor from severalchainsof thesamesourcewith differentinitial conditions.The

chainsseemedto convergealsobasedonvisualinspectionof theobtainedsamples.Time

seriesanalysisrevealedthat autocorrelationtimesof the sampleswere in generalquite

long. For somesourcecurrentparametersandhyperparameters,theautocorrelationtime

was in the orderof several hundredsor even over onethousandsamples.This means,

that from a chainof 10000sampleswe geteffectively only � 50 independentsamplesor

even less. Inverseestimateswereobtainedfrom theseindependentsamplesby implic-

itly integratingthe posteriorof sourcecurrentparametersover the hyperparametersand

computingtheexpectationvaluefor s. Low numberof independentsamplesincreasesthe

MonteCarloerrorof thisestimate,but 10–50is enoughfor a reasonableone.

Inverseestimatesfor simulatedsourcesS10, S21, andS41 areshown with theoriginal

sourcesin Fig. 2. Theutilizedgrid sizesfor samplingtheseinverseestimateswere� 800
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Fig. 2. Threerepresentatives of bestand worst caseestimateswith our model. The
original sourcesareon the left andthe inverseestimateson the right. For visualization
purposes,theestimateswereinterpolatedon theoriginal corticalmantle(� 16000points
perhemisphere).For theseestimates,thedistancesbetweenthesimulatedsourcecenter
andthe` p-normestimatepeakvalue,approximatedalongthecorticalsurfacetriangula-
tion usingDijkstra's algorithmfor shortestpath(Weiss,1997),are(A) 26.7mm, (B) 6.5
mm,and(C) 69.3mm. In 3-D coordinates,thecorrespondingdistancesare(A) 11.0mm,
(B) 5.2mm,and(C) 18.2mm,respectively.

(S10) and� 1600(S21 andS41) per hemisphere.S10 representsa fairly super�cial and

focal sourceon theleft motorcortex whereasS41 is a deepersourcein theright auditory

cortex. Thesesolutionsarerepresentativesof thebestandworstcaseestimatesobtained

with our model for smallersourceextents. Quite often, the estimateproducedby the

` p-norm model is locatedin the neighboringsulcusandorientedalmostidentically as

theoriginal source.For example,eventhoughthepeakvalueof thesolutionestimatein

Fig. 2A is not on the samesulcusandover 2 cm away from the original sourcealong

the cortical surface(� 1 cm in 3-D), the estimate�ts the original datawell (within the

noiselimits) ascanbeseenin Fig. 3B. This is becausethesmallamountof currentin the

correctgyrusis compensatedwith alargeramountin theneighboringgyrus(seeFig. 3A).

As a result,theseactivationsproducesimilar �elds to whattheoriginal simulatedsource
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Fig. 3. (A) The simulatedsourceS10 is locatedfocally on the precentralgyrusandits
orientationis perpendicularto the white-graymatterboundaryandit pointsaway from
thesurface.The` p-norminverseestimatecontainssomeamplitudepointingaway from
thesurfacein thecorrectgyrus,but themajorpeakin thisestimatepointsinto thesurface
in theneighboringgyrus.Darkshadesof graydenotegyri andlight shadessulci. (B) The
predicted�elds of the` p-normestimatefor sourceS10 areplotted(solid redline) against
thesimulateddata(bluedots)with onesigmaerrorbarsfor noiseseparatelyfor bothsets
of gradiometerandmorenoisymagnetometermeasurements.

does.As MEG is fairly insensitive to smalllocationaldiscrepancieswhenmeasuredfrom

a distance(outsidethescalp),this typeof solutionswhencomputedthroughtheforward

modelgive riseto excellent�ts with theoriginal measurementdata.The` p-normmodel

estimatein Fig. 2B looksrelatively good,andthedeepersourcein Fig. 2C is spreadon

thesourcepointscloserto surface.

The` p-norminverseestimatesfor simulatedsourcesin Fig. 1 areshown in seriesof

Figs. 4–6. It is seenthatwith smallergrid sizes(lessthan� 1600pointsperhemisphere;

seeFig. 4) only the major cortical structuresarevisible and the localizationaccuracy

is limited by thegrid discretizationsize. With the largerdiscretizationsizes(morethan

� 1600pointsper hemisphere;seeFigs. 5 and6), the estimatesof the 0-neighborhood

sourcesarespreadwhentheoriginal sourceis a deepor a combinatorysource,whereas
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especiallywith thecombinatorysourcesthe largersourceextents(2-neighborhoods)are

morefocally localized.However, with a wider super�cial source(e.g., S12), theestimate

getsmorediffuse. With the grid sizeof � 1600(Fig. 5) the estimatesof the ` p-norm

modellook rathersatisfactorywith respectto themodelassumptions.

Fig. 4. Inverseestimatescalculatedfrom the analysisof the ` p-norm modelwith grid
size� 400pointsperhemisphere.

Fig. 5. Inverseestimatescalculatedfrom the analysisof the ` p-norm modelwith grid
size� 1600pointsperhemisphere.

Histogramsof theposteriordistribution samplesof modelparameters� c, � l , andthe
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Fig. 6. Inverseestimatescalculatedfrom the analysisof the ` p-norm modelwith grid
size� 3200pointsperhemisphere.

` p-normorder p for someof theabovementionedsimulationsarevisualizedin Fig. 7. It

is clearlyseenthat p (upmostrow in eachsub�gure in Fig. 7) is dependentof thesource

con�guration aswell as the grid size. For instance,the distributionsof p for grid size

� 1600per hemispherewith sourcesS10 andS30 aredifferent. The distribution shapes

alsovary throughthesamesourcecon�gurationdependingon thegrid size. For p, with

sourceS31 andgrid size� 3200,themostprobablevalueof theposteriordistribution is

clearly different from the mostprobablevaluewith smallergrid sizes. In most cases,

the ` p-norm modelseemsto lean towardsthe ` 1-norm model (p D 1), but this is not

thecase,for instance,with theabovementionedsourceandgrid sizefor which themost

probablevalueof p is somewherebetween1 and2. Thetendency of the` p-normorder

p to favor valuescloseto 1 is not a manifestationof the implicit prior for p, but as

our prior sensitivity analysisreveal, it is an effect that is causedinherentlyby the data

(seeAppendixA). In all situations,the expectationvalueof � l is closeto one,aswas

hypothesized.Notably, thedistributionof theregularizationparameter, or prior width � c,
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tendsto beextremelynarrow with largergrid sizes.This suggeststhatwith a densegrid,

manualchoiceof theregularizationparameteris moredif�cult.

Fig. 7. Histogramsof thesamplesof theposteriordistributionsof thehyperparameters
p, � c, and� l from thesimulationsof thesourcesS10, S30, S11, andS31 for differentgrid
discretizationsizesperhemisphere.

Theresultsof analyzingsourcesS1andS4with a wider rangeof sourceextentsand

grid size � 1600areshown in Figs. 8 and9. With sourceS1 on the left motor cortex

(Fig. 8), theinverseestimateseemsto spreadasthesourceextentgetslarger. Especially

with thewidestextent(S18), theinverseestimateis spreadthroughoutthecortex anddoes

not look acceptable.Notably, theposteriordistribution of p is similar with all thesource

extentseventhoughwith thelargerextentsthedistribution seemsto besomewhatwider.

Thedistributionof prior width � c is slightly peakedwith 4- and8-neighborhoods.Source

S4 on the right auditorycortex (Fig. 9) seemsto be equallywell localizedregardless

of theunderlyingsourceextent. Thehyperparameterposteriordistributionslook similar

with differentsourceextentsexcept for the distribution of p, which is not so strongly

peakedtowardsp D 1 aswasthecasewith sourceS1in Fig. 8.

SourcesS12 andS41 wereanalyzedwith a rangeof differentsignal-to-noiseratios.
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Fig. 8. The simulatedsourceS1 with 0-, 1-, 2-, 4-, and 8-neighborhoodsis plotted
on the white-graymatterboundaryon the top row. The ` p-norm estimateswith grid
discretizationsize� 1600areshown on thesecondrow. For thecorrespondingestimates,
theposteriordistributionsof themodelparametersp, � c, and� l areshown below.

The correspondinginverseestimatesareshown in Fig. 10 andlabeledwith gradiome-

ter meanSNR,respectively. Theutilized grid sizewas� 1600perhemisphere.Original

simulatedsourcesof theseestimatescanbe seenin Figs. 1 and2. With all the utilized

SNRvalues,theinverseestimatesof super�cial sourceS12 anddeepsourceS41 aresim-

ilar with eachother. With SNR=5,especiallythe inverseestimateof sourceS41 is more

spreadalongthecortex. In Fig. 11onecanseethehyperparameterposteriordistributions

of thesamplesof theseparticularestimates.Eventhoughthedistributionsof the` p-norm

order p aremorediffusewith poorerSNR, suggestingthat the determinationof p be-

comesmoredif�cult with morenoise,it seemsclearthat the modelfavors valuesclose

to 1 in thesecases.Importantly, by examiningthedistribution of parameterp it canbe

seenthat the mostprobablevalueof p for sourceS41 andSNR=5might be wherethe

distributionhasthemostmass(i.e., between1 and1.5),eventhoughthemaximumof this

distribution appearsto beat 1. This effect is mostlikely dueto high noise,but in some

casestheposteriordistributionmight indeedbemultimodal.
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Fig. 9. The simulatedsourceS4 with 0-, 1-, 2-, 4-, and 8-neighborhoodsis plotted
on the white-graymatterboundaryon the top row. The ` p-norm estimateswith grid
discretizationsize� 1600areshown on thesecondrow. For thecorrespondingestimates,
theposteriordistributionsof themodelparametersp, � c, and� l areshown below.

Theinverseestimatesobtainedfrom theanalysisof the` p-normmodelwith realMEG

data(grid size� 1600per hemisphere)areshown in Fig. 12. The �rst condition(right

index �nger lifting) seemsto yield spatialactivation contralaterallyon the handareaof

theleft somatosensoryandmotorcortices(seeFig. 12A). Similarly, theleft index �nger

lifting producesactivationon thehandareaof thecorrespondingright hemisphereareas

(seeFig. 12B).Theactivationpeaksseemto bepredominantlylocatedonsomatosensory

handareaseven thoughthe solutionsare moderatelyspread. The distributions of the

samplesof thehyperparametersaswell asinverseestimate�ts to measureddatafor both

conditionsarealsopresentedin Fig. 12. With realdata,themodelseemsto favor values

of p closerto 1 than2. Theestimatesproducea good�t with thedatain bothconditions

eventhoughthemagnetometermeasurementshadin generalquitepoorSNR.

We alsoanalyzedthe datawith the modelswhere p equals1 and2, corresponding

to ` 1- and ` 2-norm prior models. In Fig. 13, the obtainedinverseestimatesfor sim-

ulatedsourceS11 are shown. Notably, the ` 2-norm estimateis more diffuse on fairly
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Fig. 10. Theinverseestimatesof sourcesS12 andS41 with varyingsignal-to-noiseratios.
TheSNRlabeldenotesthemeansignal-to-noiseratio of thegradiometermeasurements
of thecorrespondingsource.Theoriginal simulatedsourcesS12 andS41 canbeseenin
Figs.1 and2. Theutilizedgrid sizein theanalysiswas� 1600perhemisphere.

large areasat the parietalcorticeswhereas̀ p- and ` 1-norm estimatesare spatially of

smallerextent. Typically, the inverseestimatesobtainedwith ` p- and` 1-norm models

weremorefocal andvisually similar to eachotherwhereasthe` 2-normmodelestimates

weremoreextensive. The sourcecurrentparameterexpectationvaluesweresmallerin

the ` 2-norm estimatesas this prior tendsto imposelittle currenton numberof source

spacepointsratherthanlargeamountof currenton very few points.Thestandarddevia-

tionsof theposteriordistributionMonteCarlosamplesfor thoseestimatedsourcecurrent

pointswhoseabsoluteamplitudeexceed20%of themaximumabsoluteamplitudeof the

estimate,areplottedasonesigmaerrorbarsto the�gure for eachestimate,respectively.

In many casesof our simulations,theseMonteCarlovariancesof thesourcecurrentpa-
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Fig. 11. Histogramsof thesamplesof theposteriordistributionsof themodelhyperpa-
rametersp, � c, and� l from thesimulationsof thesourcesS12 andS41 with varyingSNR.
Theutilizedgrid sizein theanalysiswas� 1600perhemisphere.

rameterswereconsiderable.However, the posteriorexpectationvalueis still a credible

indicatorof whichof theparameterswerenon-zero,becauseevenwith asmallnumberof

independentsamples,theuncertaintyof thisestimateis relatively small.

For the modelchoice,the resultingposteriorpredictive losscriterion (Gelfandand

Ghosh,1998)asa functionof grid discretizationsizeis shown in Fig. 14A andthecom-

parisonbetweenthe` p-, ` 1-, and` 2-normpriorsin Fig. 14B.Accordingto thisapproach,

the optimal grid discretizationsizefor our ` p-norm model is around1000–2000points

perhemisphere(seetheminimumof curve in Fig. 14A). Thevisualexaminationof the

` p-normestimatesusinggrid sizeof � 1600pointsperhemisphere(seeFig. 5) yielded

similar �ndings. For thecomparisonof differentnorms,theresultsobtainedwith thepos-

teriorpredictive lossapproachwereindecisiveeventhoughthe` p- and` 1-normestimates

werevisuallymoresatisfyingthanthe` 2-normestimates.
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Fig. 12. Resultsof the analysisof the real MEG �nger lifting datawith the ` p-norm
model(grid size� 1600).Theconditionswere(A) right and(B) left index �nger lifting.
For both conditions,the predicteddatais plotted(red line) on top of measurementdata
(bluedots)with onesigmaerrorbarsseparatelyfor eachgradiometerandmagnetometer
sensors.Histogramsof theposteriorsamplesof p, � c, and� l arealsoshown to visualize
theshapesof themarginalposteriordistributions.

Discussion

We studieda BayesianMEG inversemodelwith ` p-normpriors for thesourcecurrents.

This typeof modelhasnot beenimplementedbefore,even thoughsimilar ideasconsid-

eringdifferentvaluesof p have beensuggested(e.g., Beucker andSchlitt, 1996;Uutela

et al., 1999;Bücker et al., 2001;MatsuuraandOkabe,1995). UsingBayesianmethod-

ology the full joint posteriordistribution of the parametersandhyperparametersof the

model,suchasthe` p-normorder p andprior width � c, canbeobtained.Fromthepos-

terior distribution, oneis able to computequantiles,moments,andothersummariesof

interestasneeded.Thepurposeof our studywasto �nd anoptimalsourcegrid spacing

for the` p-normmodel,to show thatthereis nouniversalcorrectvaluefor thenormorder

p, to investigatehow p is dependenton theunderlyingsourcecon�gurationandgrid dis-

cretizationsize,andto elucidatetheuncertaintiesthatexist in usingeither` 1- or ` 2-norm
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Fig. 13. SimulatedsourceS11 andits correspondinginverseestimatewith the` p-, ` 1-,
and` 2-normmodelsusinggrid size� 800.Thesolutionestimatesareinterpolatedon the
originalcorticalmantle(� 16000)for visualizationpurposesonthetoprow andshown as
vectorvalueswith MonteCarlosamplingstandarddeviationerrorbars(bothhemispheres)
in thebottomrow. Only thevaluesthatareat least20%of theestimatepeakvalue(dotted
red lines)areplottedon the in�ated brainandonly correspondingerrorbarsareshown.
Note,thatthecurrentamplitudevaluesobtainedwith the` 2-normmodelaresmallerand
theestimateis themostdiffuseoutof thesethree.

priorsfor thecurrents.

Our resultssuggestthat the posteriordistribution of p, is dependentof the utilized

densityof thesourcelocationsin themodelandalsoslightly of thesourcecon�guration

underinvestigation. Eventhoughin many occurrencesof our simulationsthemostprob-

ablevalueof p wascloseto 1, correspondingthe` 1-normprior for thecurrents,this was

not the casealways. This suggeststhat theremight be enoughinformation in the data

to determinethenormorder p. It wasalsodemonstratedthat this effect observed in the

posteriordistributionof p wasnotdueto theimplicit prior for slightly favoringvaluesof

p closerto 1 over 2 (seeAppendixA). Therefore,a goodway would beto let thesource

currentprior (i.e., thevalueof p whenutilizing ` p-norms)beinferredfrom thedata,in-

steadof determiningit ad hoc, aslong asthebasicpropertiesof theprior arede�ned to

berealistic.
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Fig. 14. (A) The posteriorpredictive losscriterion Dm plottedasa function of source
spacegrid discretizationsize per hemipshere.The optimal grid size for the ` p-norm
modelcanbearguedto beat thepoint thatminimisesDm. (B) Modelchoicebetweeǹ p-
normmodelandcorresponding̀ 1- and` 2-normmodelsasa functionof grid size. Even
thoughthe ` 2-norm model producedvisually the worst-lookinginverseestimates,the
comparisonof goodnessbetweenthe` p- and` 1-normmodelswith theutilized posterior
predictive lossapproachis somewhatundecided.

An MCMC samplingschemewasutilized aswe wereinterestedin theposteriordis-

tributions of all the parametersand did not want to make any uncontrolledanalytical

approximationsthatmight have someunexpectedqualities. With MCMC, the posterior

expectationvaluescanbecomputedreliably astheerrordueto MonteCarloestimation

is quitesmallevenwith smallnumberof independentsamples.In addition,oneis ableto

investigatethewholeposteriordistribution of thesolutionsandis not limited to conclu-

sionsbasedonly on theMAP estimate.As demonstratedby Schmidtetal. (1999)theuse

of the most likely solution is not necessarilyrepresentative for constructingrobust and

reliableinferencesfrom thedata.In our studyin Fig. 11 (S41, SNR=5)it wasseen,that

themaximumof themarginal posteriorfor p is not wherethemostprobabilitymasslies

andthedistribution might evenbemultimodal. Similar situationsmayoccuralsoin the

posteriordistribution of the parametersof interest(sourcecurrents).In that case,if the

posterioris multimodal, the importanceof makinginferencesfrom the whole posterior

ratherthanMAP estimatebecomesabsolutelycrucial.

Beucker andSchlitt (1996)showedthat thedensityof sourcelocationshasaneffect
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onthenormorderp. Ourresultsindicatethatadensediscretizationseemsto favor values

of p closerto 2. The optimal discretizationsize for our modelwas � 1500pointsper

hemisphere.If numberof sourcesis decreasedto 200–400pointsper hemisphere,the

accuracy of theestimatesis notgoodandthemodeldoesnot �t thedatawell, becausethe

grid is too sparseandonly majorcorticalstructuresarevisible. As thediscretizationsize

increases,thegoodness-of-�timproves,but with reallydensegridstheproposed̀ p-norm

modelbecomesunacceptablyheavy to compute,andat the sametime the modelprior

assumptionof independentsourcecurrentsis severelyviolated.

Oneway to easethecomputationalloadwould beto decreasethenumberof parame-

tersby parametrizingthesources.For example,Schmidtet al. (1999)employedregional

sourcemodel,which wascharacterizedby threeparameterscomprisingof number, loca-

tion, andextentof theactive regions.Thisway, they decreasedthenumberof parameters

sampledfrom several thousandsto only three(peractivity region). In this case,onein-

troducessomespatialdependency to themodelasthepointsinsidetheactive regionsare

assumedto correlatestrongly. Theassumptionof uncorrelatedsourcespacepointsseems

justi�able in early sensoryresponseswhile in complex cognitive tasksonemay expect

correlationsnot only betweenneighboringpointsbut betweenremotecortical regionsas

well. However, taking this into accountin the inversemodelis not necessarilystraight-

forwarddueto theabsenseof dataon theexactnatureof thecorrelations.

A conceivable way to take into accountthe putative dependenciesbetweensource

spacepointswould beto introducespatialpriors. Also, with thecurrent` p-normmodel,

the grid discretizationsize cannotbe increasedunlessspatialpriors are used. As the

mostfeasiblespatialpriorsareneithersimplenor intuitive, thereexistssomeunclarityof

which kind to use. Phillips et al. (2002)suggestthat the combinationof functionaland
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anatomicalconstraintsmight provide a way for introducingspatialpriors to the model

andat thesametime for reducingthedimensionalityof theMEG inverseproblem.With

realdatascenariosonehasto rememberthatsomesourcesarenot visible for MEG and

thereforetheuseof spatialpriorsbecomesevenmoreimportantif additionalinformation

is notavailablefrom elsewhere.Theimplementationandtestingof suchjusti�able spatial

priorsis left for subsequentstudies.

Convergingevidencefrom otherimagingmodalities,suchasfunctionalmagneticres-

onanceimaging(fMRI) andelectroencephalography (EEG),canbeintroducedto thecur-

rent` p-normmodelif theutilized experimentalsetupis suitablefor collectingdatawith

variousmethods.Thecombinationof adjacentimagingmethods(Daleet al., 2000;Liu

et al., 2002),MEG with fMRI in particular(Schulzet al., 2004;Ahlfors andSimpson,

2004;Daleet al., 2000),is goingto beaninvaluabletool in brainresearchin thefuture.

Even if thecouplingbetweenfMRI BOLD signalandEEG/MEGresponsearenot well

understood,clearevidenceexists on how thesetwo fundamentallydifferentsignalsare

related(Logothetiset al., 2001;Kim et al., 2004). In comparison,the combineduseof

MEG andEEG is relatively straightforward asboth of thesemethodsdetectthe neural

electriccurrents.SinceEEGprovidesinformationabouttheradialcurrentsin additionto

thetangentialonesdetectedby MEG, it is conceivablethatthecombinationwill provide

amorecomprehensiveestimateof theunderlyingneuralevents.

However, asLiu et al. (2002)andPhillips et al. (1997)suggest,the combinationof

EEGandMEG might not improve theresultsmuch. Also, with EEGinversemodelling,

thereexiststheproblemof creatinga realisticforwardmodelfor EEGasin thatcasethe

electricconductivites of the scalp,the skull, andthe brain tissueandthe shapesof the

correspondingcompartmentsneedto beknown moreprecisely(Ollikainenet al., 1999).
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In contrast,an a priori bias towardsfMRI information is straightforward to addto the

currentmodel per se. In addition, depthnormalizationcan be includedto reducethe

locationbiasof the estimates(Köhler et al., 1996)and,with the costof computational

burden,theuseof temporaldynamicsin themodelmightproveto beusefulespeciallyfor

empiricalinvestigations.

Our preliminaryanalysiswith realMEG datawerepromising.Theresultsarein line

with similar MEG studiesin the �eld (see,e.g. Alary et al., 2002). However, theappli-

cationof the modelwith morecomplex real data(e.g., cognitive tasksandaudiovisual

studies)still requireswork andimplementationof someof theabovementionedmethods

suchasspatialpriorsandtemporaldynamics.As of now, the` p-normmodelis a spatial

only MEG sourcelocalizationmethod.

Thequalityof MEG inverseestimatesin generalis not trivial to evaluateeventhough

in simulationstudiesthe original sourcesareknown. In addition to the visual quality

of thesolutionestimatesonecan,for example,easilyapproximatethephysicaldistance

betweenthe solutionpeaksandoriginal sourcesboth along the cortical surfaceand in

3-D, andusethis asa quantitative error. But the questionariseshow to penalizefalse

activations,for instance,in situationswherethesolutionsarespreadover thecortex, and

how to penalizethegoodnessof thesolutionif theestimateis locatedin thewronggyrus

yet beinghighly probable(seeFig. 3). In theanalysisof realdata,particularly, whenthe

originalsourcesarenotknown,differentmethodsareneeded.Onewayis to look atall the

solutionsandcomparedifferentmodelswith eachotherinsteadof singleestimatesand

their accuracy. Onesuchmethodis the posteriorpredictive lossapproach(Gelfandand

Ghosh,1998),which we used,alongwith visual examination,to determinethe optimal

discretizationof thesourcespacefor our ` p-normmodel.
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Ontopof beingableto evaluatethewholeposteriordistributionof theparametersand

hyperparameters,whichconcealinformationof themodelbehavior andinverseestimates,

a substantialbene�t of our modelis that it is very simpleandthereforeadditional(prior)

informationis easyto attach. Virtually no userexpertiseis requiredafter the model is

compiledandthemethodcanbeusedalmostwithout any manualinteractionor tuning,

which is not the casewith ECD �tting. This featureis moreor lessfundamentalwith

many Bayesianmodels.Naturally, anexperiencedusercanachieveexcellentresultswith

methodsthat requiremoreinteraction,but a problemrisesif one's goal is to studycog-

nitive processesaboutwhich very little is known in advance.In thosecasesa modelthat

doesnotrequiretuningwouldbemostconvenientto use.Theestimatesobtainedwith our

` p-normmodelcanalsobeusedasastartingpointsor seedsfor othersourcelocalization

methods.This is practicalwhenlittle is known of thesourcesunderinvestigation.

In conclusion,the` p-normprior family seemsusablein a Bayesiansetting,in which

all the parametersandhyperparametersof the model,suchasthe ` p-norm order p, are

consideredrandomvariablesandinferredfrom thedata.For example,thegrid discretiza-

tion sizeandunderlyingsourcecon�gurationshave an effect on the probabilitiesof the

hyperparameters,andthuson choiceof model. As MEG measurementswith convenient

signal-to-noiseratios might provide little extra information to which model shouldbe

used,carefuldatacollectionanda priori modelconsiderationbecomesextremelyimpor-

tant. As an ultimategoal, the proposedmodellingschemecanbe expandedto a freely

distributableenvironmentin which differentmodelassumptionscouldbecomparedwith

eachotherandfurtherdeveloped.
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Appendix A. Prior sensitivity analysisfor �

When transformingprobability distributions from one parametrizationto another, one

needsto carefully considerwhat kind of effectsandextra termsit hason the outcome.

Gelmanet al. (2003, Ch. 1.8): Supposethat Pu.u/ is the densityof vector u and we

want to transformto v D f .u/. If Pu is continuous,and v D f .u/ is a one-to-one

transformation,thenthejoint densityof v

Pv.v/ D j Jj � Pu
�

f � 1.v/
�
; (20)

wherej Jj is the determinantof the Jacobianof the transformationu D f � 1.v/ . The

JacobianJ is asquarematrixof partialderivatives,with theentry. i ; j / equalto @ui =@vj .

A.1. Uniformprior for �

If wewantto transformto usingp with theutilizedparametrization(Box andTiao,1973)

of our ` p-normmodelhaving uniformprior probabilitydensityfor � and f .� / beingEq.
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(17),wegetby rearrangingEq. (17)

f � 1. p/ D � D
2
p

� 1; 0 � � � 1; and 1 � p � 2: (21)

TheJacobianfor f � 1. p/ is simply thederivative

d�
dp

D
d

dp

�
2
p

� 1
�

D �
2
p2 ; (22)

andtheprobabilitydensityof p

P. p/ D

�
�
�
�
� 2
p2

�
�
�
� � P.� /; 0 � � � 1; and 1 � p � 2: (23)

Thus,theimplicit prior for p in our` p-normmodelwith uniformprior for � only slightly

favorsvaluesof p closeto 1 overvaluesof p closeto 2 asthedeterminantsof theJacobian

at theendpointsof p are2 and0.5,respectively.

A.2. Uniformprior for p

Consideranotherpossibilityfor ourmodelbychoosingauniformpriorprobabilitydensity

for p. With theparametrizationused,whentransformingto using� , we gettheJacobian

as

dp
d�

D
d

d�

�
2

1 C �

�
D �

2
.1 C � /2 ; (24)

andtheprobabilitydensityof �

P.� / D

�
�
�
�

� 2
.1 C � /2

�
�
�
� � P. p/; 1 � p � 2; and 0 � � � 1: (25)
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Now theimplicit prior for � will slightly favor valuesof � closeto 0 overvaluesof � close

to 1 asthedeterminantsof theJacobianat theendpointsof � are2 and0.5,respectively.

This converts to favoring valuesof p closeto 2 over valuesof p closeto 1, which is

oppositeto thecaseof uniformprior for � .

A.3. Sensitivityanalysis

In additionto the analysisdonewith our selectionof uniform prior for � we analyzed

someof the simulatedsources(S10� 2 and S40� 2 with grid sizes� 800, � 1600, and

� 3200)with the choiceof uniform prior for p. This wasdonein orderto validatethat

the effectsobserved in the posteriordistribution of p were, in fact, causedby the data

andnot by the implicit shapeof the utilized prior distribution. In Fig. 15, onecansee

theenvelopecurvesof theposteriordistributionsof p for the` p-normmodelwith a uni-

form prior for � (blue curve) and uniform prior for p (red curve). The shapesof the

(implicit) prior distributionsof p areshown with dottedcurves,respectively. As thepos-

terior shapesin generalaresigni�cantly different from the prior shapes,it is clear that

posteriordistributionsyield valuescloserto p D 1 regardlessof which prior wasused.

Theslight inconsistency with sourceS31 (grid size� 3200,redcurve) is mostlikely due

to thefactthatthecorrespondingchainwith theuniform prior for p did not have enough

independentsamples.
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Fig. 15. Blue lines denotethe envelopecurvesof the posteriordistribution shapesof
parameterp for theproposed̀ p-normmodelwith uniformprior for � (implicitly favoring
valuesof p closerto 1 than2, dottedblueline), andredlinesdenotetheenvelopecurves
of theposteriordistribution shapesof parameterp for themodelhaving a uniform prior
for p (implicitly favoringvaluesof � closerto 0 than1, thatis, in termsof p valuescloser
to 2 than1, dottedredcurve). Theposteriordistributionof thenormorderp is notoverly
sensitiveto differentpriorsandthustheobservedposterioreffectsoriginatefrom thedata.

Appendix B. Samplingmethodand diagnostics

B.1. Slicesampling

In Bayesiandataanalysis(Gelmanet al., 2003), applicationsof Markov chain Monte

Carlo samplingoften involve retrieving samplesfrom the joint posteriordistribution of

theparametersandhyperparametersof themodel.In Metropolis-Hastingsscheme,badly

selectedscaleof theproposaldistributionleadsto highrejectionrateor inef�cient random

walk. Slicesampling(Neal,2003)relieson theprinciple thatonecansampleuniformly

underthe curve of someknown probability densityfunction P.�/ . With slice sampling,

unlike in Gibbssampling(Gilks et al., 1996), the conditionaldistributionsof standard
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form do not needto be known, andwith multimodaldistributionsslice samplingis of-

tenmoreef�cient thansimpleMetropolis-Hastingsalgorithmin makingjumpsfrom one

modeto another. Slice samplingadaptsto the local propertiesof the target distribution

andit requiresvery little tuning. With multidimensionaldistributions,eachvariablecan

beupdatedin turn.

A converging Markov chaintowardsthe target distribution canbe obtainedby sam-

pling uniformly by turns in vertical direction underthe curve and horizontally from a

slicede�ned by this verticalposition.Let thevariableto beupdatedbex and f .x/ is the

functionproportionalto theprobabilitydensityof x. The ideafor producinga chainfor

x is to replacethecurrentvaluexold with a new valuexnew. Draw a realvalueof y from

0 < y < f .xold/ which de�nesa horizontalslice S D fx Vy < f .x/g. Find aninterval

I aroundxold that containsmuchor all of the slice S. Now, draw xnew uniformly from

thepartof theslicewithin interval I andrepeattheprocedure.Thereareseveraldifferent

schemesfor �nding the interval I that arewell coveredin the work by Neal (2003). In

fact,theinterval canbechosenin any wayaslongastheresultingMarkov chainremains

invariant.

For computationalpurposes,in orderto avoid possibleproblemswith �oating-point

under�ow, anenergy functionof f .x/ , g.x/ D � ln. f . x// is oftencalculatedinsteadof

f .x/ itself. With this particularcase,a variablez D ln. y/ D � g.xold/ � e canbe cal-

culatedto de�ne theslice S D fx Vz < � g.x/g. Variablee is exponentiallydistributed

with meanone.Also, for our simulations,asthesamplingwasdoneonevariable(source

currentparameterss D Ts1; s2; : : : ; sNU, � , � c, and� l ) at a time we optimizedtheperfor-

manceof the samplerby updatingonly the changecausedby this particularvariableto

thevalueof theenergy functionof the joint posteriordistribution ratherthancomputing
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it completelyevery timeeachvariablewasupdated.

B.2. Convergencediagnostics

Therearetwo typesof dif�culties with iterative simulationssuchasMCMC simulations.

Thesimulationsmightnothavebeenproceededlongenoughsothattheresultingsamples

arenotyetrepresentativeof thetargetdistribution. Theearlyiterationsarealsoin�uenced

by thestartingpoint ratherthanthe targetdistribution. After a plausibleconvergenceis

reached,thechainhasforgot its startingpoint andproducesrepresentative valuesof the

targetdistribution. Theearlyiterationsareremovedfrom thebeginningof thechain.

The otherproblemlies in the correlationwithin the converging chain. In general,it

is betterto startseveralchainswith differentstartingpointsespeciallyif theautocorrela-

tion time of thechainis long. This way, whenthechainshave converged,thenumberof

independentsamplesis greaterthanwith onelongchain.However, all theconvergedsam-

plescanstill beusedastheorderin which they weredrawn is ignoredwhenperforming

inferencesbasedon theirdistributions.

A chaincanbeassumedto haveconvergedwhentwo chainsoriginatingfrom different

startingpointscannolongerbedifferentiatedfrom eachother. Onemethodin monitoring

the convergenceis to comparethe variancesbetweendifferentchainsor differentseg-

mentsof onechainandestimatea factorby which the scaleof the currentdistribution

might bereducedif thesamplingwascontinuedto in�nity . Theprocedureof calculating

thispotentialscalereductionfactor(PSRF)is describedin Gelmanetal. (2003,Ch. 11.6).
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