Bayesiarmanalysisof the neuromagneticwverse

problemwith ~ P-normpriors

Toni Auranen® AapoNummenmad,Matti S. Hamalainer?,
liro P. Jaasklainen®® Joulo Lampinen? Aki Vehtari2 andMikko Samé
8 aboratory of ComputationaEngineering Helsinki University of Technolagy, Espoo Finland

bMassatiusettsGenenl Hospital- Massatusettdnstituteof Technolayy — Harvard Medical Sool,

AthinoulaA. Martinos Centerfor Biomedicallmaging, CharlestownMA, USA

3rd DecembeR004;Submittedto Neuioimage

3rd February2005;RevisedandResubmittedo Neuiolmage

* Correspondingwthor Groupof Cognitive Scienceand Technology Laboratoryof Computational
Engineering Helsinki University of Technology PO. Box 9203,02015HUT, Finland. Fax: +358-9-451
4830.Tel: +358-9-4514834.E-mail address: Toni.Auranen@hut. (T. Auranen)



Magnetoencephalograply (MEG) allows millisecond-scale non-invasive
measulement of magnetic elds generatedby neural currentsin the brain. How-
ever, localization of the underlying curr ent sourcesis ambiguousdue to the so-called
inverseproblem. The mostwidely usedsourcelocalization methods(i.e., minimum-

norm and minimum-curr ent estimates(MNE and MCE), and equivalent current
dipole (ECD) tting) require ad hoc determination of the cortical current distrib u-
tion ("2-, *1-norm priors, and point-sized dipolar, respectiely). In this article, we
perform a Bayesiananalysisof the MEG inverseproblem with * P-norm priors for
the curr ent sources. This way, we circumvent the arbitrary choicebetween” - and
*2_norm prior, which isinsteadrendered automatically basedon the data. By obtain-
ing numerical samplesfrom the joint posterior probability distrib ution of the source
current parameters and model hyperparameters (suchasthe * P-norm order p) us-
ing Mark ov chain Monte Carlo (MCMC) methodswe calculatedthe spatial inverse
estimatesasexpectationvaluesof the source curr ent parametersintegrated over the
hyperparameters. Real MEG data and simulated (known) source curr entswith re-
alistic MRI-based cortical geometryand 306-channelMEG sensorarray were used.
While the proposedmodel is sensitve to source spacediscretization sizeand com-
putationally rather heavy, it is mathematically straightforward, thus allowing in-
corporation of, for instance,a priori functional magneticresonanceamaging (fMRI)

information.
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Intr oduction

MagnetoencephalograpfMEG) allows non-irvasve measuremerdf themagneticelds
generatedby neuralactuity of theliving brain(e.g., Himalaineretal.,1993;Baillet etal.,
2001;VrbaandRobinson2001).Along with clinical applicationsMEG is usedin stud-
iesof basicsensory(auditory visual,andsomatosensoryrocesseaswell ascognitve
functions. Time resolutionof this methodis excellent( milliseconds),but in orderto
locatethe underlyingsourcecurrentsaccuratelyon the basisof MEG dataoneneedsto
solve the so-calledelectromagnetiinverseproblem,which doesnot have a uniqueso-
lution (Sanas, 1987). Therefore,additional constraintsare neededto selectthe most
feasibleestimatefrom the multitudeof possiblesolutions.

A traditionalapproacho theMEG inverseproblemis to employ theequivalentcurrent-
dipole(ECD) model,whichreliesontheassumptiorthatthe extentsof theactivatedareas
aresmallenoughto be adequatelynodelledwith dipolar point-like sources.Using fully
automaticor manuallyguided, often partly heuristic, tting methodsthe model giving
best t to the measurediatais obtained. A downsideis thatthe numberandlocations
of the sourcedipolesneedto be known to a certainextent (although,seeMosheret al.,
1992).Thisis a problemespeciallywhencomplex cognitive brainfunctionsarestudied.

Otherwidely usedmethodsmploy distributedsourcecurrentestimatege.g., Hama-
lainenetal., 1993;Uutelaet al., 1999; Pascual-Marqui2002). In the well-knowvn min-
imum-norm(Hamalainerandlimoniemi, 1984;DaleandSereno1993;Daleetal., 2000;
Hauk,2004)andminimum-curren{Uutelaetal., 1999)estimate§MNE andMCE), extra
informationis embeddedo themodelasmathematical >- and” *-normconstraint®nthe

sourcecurrents,respectrely. Speci cally, the leastsquareserror functionis combined



with anadditionalpenaltyterm consistingof a weightednormof the currentdistribution.
Unlike dipole tting, the exactnumberandapproximatdocationsof the sourcesdo not
needto be known in adwance. However, the resulting estimatemay be quite diffuse,
especiallyin the caseof the minimum-normestimateand, therefore,it may be equally
dif cult to discernthenumberof distinctactvatedareasn practise.

In Bayesianinterpretation MNE andMCE correspondo " 2- and" 1-norm priors for
thesourcecurrentswith a Gaussiartik elihoodfor themeasurementdJutelaetal., 1999).
The useof prede nedvaluesl or 2 for the * P-norm order p is somavhat arbitrary as
it leadsto prior-wise feasibleinversemodelseven thoughary value betweenl and 2
could be used. The * 2-norm prior producesoverly smoothandwidely spreadestimates
whereas -normestimatesnight betoo focal. The choiceof p is subjectto uncertainty
hencep shouldbe treatedas an unknavn variableutilizing Bayesianinference,which
haslately gainedpopularityin solvingtheelectromagnetitmverseproblem(e.g., Schmidt
etal., 1999;Phillips etal., 1997;Baillet andGarnero,1997). Markov chainMonte Carlo
(MCMC) methodshave becomepopularin this methodologydueto rapid expansionof
computingresourcege.g., Kincsesetal., 2003;Schmidtetal., 1999).

In this paper we performa Bayesiananalysisof the MEG inverseproblemwith * P-
norm priors,usingMCMC methodsandsimulatedsourcecurrentswith a realisticMRI-
basedorward headmodel. Furthermorewe applythe modelon a setof real MEG mea-
surementdata. The purposeof this studyis to focus on the Bayesianinterpretationof
the problem,determinean optimal sourcespacediscretizatiorsizewhenthe discretized
pointsareassumedndependenof eachother andto determinewhetherthereis enough
informationin the datato clarify which * P-norm prior shouldbe used. We speci cally

hypothesizethat thereis no single valuefor p thatwould be optimal for all casesbut
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insteadthevaluedepend®nthegrid discretizatiorsizeandalsoon theunderlyingsource
con gurationand,thereforejt shouldbeinferredfrom thedataratherthandeterminedad

hoc

Materials and methods

Simulateddataweregeneratedh orderto testthe performancef our modelwith a priori

known, functionallyrealistic,sourcelocations(seeFig. 1). Sourcespacewvasdiscretized
accordingto real anatomicaMRI-basedbrain surfacereconstructior{Dale et al., 1999;
Fischletal.,1999;DaleandSereno1993)andsimulatedsourcesverethenusedto calcu-
late the measurements$o which Gaussiamoisewasadded.The spatialinverseproblem
wasaddressewith aBayesiarmodelutilizing numericaMCMC methodsDifferentgrid

sizeswereusedin orderto nd the optimal discretizationsize of the sourcespaceand
two separatesourcecon gurationswereusedto investigatethe effect of varying signal-
to-noiseratio (SNR) and underlyingsourceextent to the spatialinverseestimate. The
performanceof the * P-norm modelwas alsotestedwith a real MEG datasetandcom-

aredto similarly implemented 1- and" 2-normprior models.
y

Bayesiarnnferenceand Markov chain MonteCarlo —methods

Bayesiarninference(Gelmanetal., 2003;Rowe, 2003)is a theoryof probabilityin which
both the parameteref the modelandthe measurementare consideredasrandomvari-
ables.Accordingto Bayes'theorem(Gelmanetal., 2003),

PDj2;:M/ P2jM/
e, M7 el (1)
P.DjM/

P.2jD;M/D
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Fig. 1. Someof the simulatedsourcesare plotted on the in ated white-gray matter
boundary The greencolor depictsgyri andred color sulci, respectrely. Sourceextent
0 (left column)is a point-sizedfocal sourcewhereasextents1 and2 (middle andright
columns)arewider andspreadover a smallseggmentof a sulcusor gyrus.

the posteriorprobabilityP.2 jD ; M / is a productof thelikelihoodtermP.D j2 ; M / and
the prior termP.2 jM /, divided by the normalizationfactorP. DjM /. Above, P. j / de-
notesa conditional probability densityfunction, D arethe data,2 the model parame-
ters,andM containsall otherassumptionsn the model. Additional parametersn the
prior term are called hyperparameterthat can ultimately have higherlevel prior struc-
turesleadingto hierarchicalmodels. The posteriorprobability distribution in Eq. (1) is
generallyafunctionof severalvariablesandthusdif cult to visualizeandhandle.There-
fore, the distribution is often characterizedby the parametersnaximizingit, thatis, the
maximuma posteriori(MAP) estimatepr by computingsuitablemarinal densities For
theassociatedhigh dimensionahumericalintegration,Markov chainMonte Carlometh-
ods(Gilks etal.,1996),suchastheMetropolis-Hastingalgorithm,aregenerallyjused(see
also,AppendixB). More detailedinformationon Bayesiardataanalysiscanbefoundin

Gelmanetal. (2003).



Soucespace

Thewhite-graymatterboundaryof cortex wasreconstructeétom 3-D T1-weightechigh-
resolutionMR images(MPRAGE sequenceSiemensSonatal .5 T, ErlangenGermary)
usingthe Freesurfersoftware (seeFischlet al., 1999; Dale et al., 1999),with 150000
grid pointsrepresentinggachhemisphere.The resultingcortical surfacegeometrywas
overlaidover T1-weightedmagesfor visualveri cation followed by transformatiorinto
MATLAB-environment,wherethe simulationsand MCMC samplingwere carriedout.
To parametricallyoptimize the size of discretizationof the sourcespace given the as-
sumptionof statisticalindependencéetweenneighboringsourcelocations,the number
of possiblesourcespacepointswasreducedo 200, 400, 800, 1600,and 3200
grid pointsperhemisphere Giventhe widely acceptedassumptiorthatcortical currents
visible to MEG are generatedy synchronougpost-synaptigotentialsof cortical pyra-
midal neurongOkadaetal., 1997;Dale andSereno,1993),the orientationof the current
sourcesverefurtherconstrainedo be perpendiculato the local surlacegeometrywhen

calculatingtheforwardsolution.

Forward model

In MEG, the Maxwell's equationsanbe solved underthe quasistati@pproximatioras-
sumption(Hamalaineret al., 1993). The solutionof the forward problemgives,for one

timepoint,thelinearrelationshipbetweernhe sourcecurrentsandthe measuregignals

bD AsCn: (2)



wherebisanM 1vectorfor measurementsjsanN 1 vectorfor thesourcecurrentsA

isanM N gainmatrix,andn aGaussiamoisevector N is thesizeof thediscretization
of the sourcespace,and M is the numberof measuremensensors. Each column of

A givesthe measuredignal distribution for onedipolar currentsource,locatedon the

corticalmantleandperpendiculato the cortical surface.

For the computationof A we employed the single-layerboundary-elementodel
(BEM), which assumeshat the realistically-shapedranialvolume hasa uniform elec-
trical conductvity andthe skull is a perfectinsulator For mary practicalpurposeshis
modelis sufcient in MEG sourceestimation(see,e.g., Hamalainerand Sanas, 1989;
Mosheretal., 1999).

For the locationsof the sensorswve utilized actualdatafrom a measurementn the
subjectwhoseMR imageswere emplo/ed in the simulation. The sensorarray of the
Vectorviav systemused(ElektaNeuromagOy, Helsinki, Finland)is composedf 306
sensorarrangedn triplets of two planargradiometeranda magnetometeat 102 loca-
tions. Theapproximatelistancebetweeradjacensensorlementsn thearrayis 35 mm

andthe minimumdistanceof the sensofrom the scalpis 17 mm.

Theinverseproblem

Biomagnetidnverseproblem(Sanas,1987)standgor solvingtheunderlyingcurrentsn
theliving braingiventheMEG measurementdlathematicallytheprobleminvolvesesti-
matingsin Eqg. (2) from sample®f b. In thisestimatiortask,thegain matrix A is usually
assumedo be preciselyknown. In our model,the numberof measurements D 306
is muchsmallerthanthe numberof pointsin the usedgrids and,therefore the problem

is underdeterminednddoesnot have a uniquesolution. Furthermoreneighboringsen-



sorshave overlapping,non-orthogonasensitvity patternglead elds; Hamalaineretal.,

1993)and,asaresult,the numberof independengquationss evenlessthanM.

The™ P-normmodel

We presenia Bayesianrmodelconsistingof a Gaussiarik elihoodfor the measurements
and’ P-norm prior for the sourcecurrentparametersin statisticalterms,Eq. (2) canbe

written asa linear regressionmodel. Assumingstatisticallyindependentneasurements

1 1
PbjsC/ID p—p—y op b As''C b Asl ; (3)

whereC is thenoisecovariancematrix for the measurementdn this study C is assumed
to beknown upto anunknawn scalingfactorof |, sothatC D € where€ is known
anddiagonal.For computationatornveniencewe introducewhiteningof the gain matrix,

A, andmeasurements, with the known partof the noisecovariancematrix, sothat

A D € A  and (4)

® D € p: (5)
Leaving out numericalconstantsthelik elihoodsimpli es to

: 1 1
P.bjs, // W exp Z—IZ% BAs'® Rs (6)



Thescalingfactor | in the exponentfunctionis a parametefor compensatinginknovn

alternationsn the noiselevel. For simpli cation, | wasassumedhaving a uniform prior

insteadof a more cornventionalchoiceof 1= |, which would lead to uniform prior for

log. /. WhenM is largeand | closeto one,thenl1= ,'V' 1= |MC1, andthe choiceof

uniform prior for | isjusti able. In the simulationpartof this study the samplingof the
posteriordistribution of | is likely to yield valuesaroundoneasthewhiteningwasdone
with aknown (simulatednoisecovariancematrix. In thecaseof realdata,€ is estimated
from themeasuremerdataand | would contain for instancejnformationonuncertainty
of thewhitening.

The " P-normfor vectorv is

X 1=p
kvkp D jvijP ; (7)

In orderto reducethecorrelationsbetweertheformal* P-normprior width andthesource
currentparametergevidentin our preliminarysamplingruns),yet maintaininga contin-
uousvariableof the norm order p for our prior, we reparametrizets structure. First,

considera standardizesiormaldistribution
1. . .
P.x/ Dk exp E]X]q with gD 2: (8)

If we let q take ary valuesotherthan 2 the classof exponentialpower distributionsis

obtained. Accordingto Box and Tiao (1973,Ch. 3.2.1);with q D 2=.1C / these
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distributionscanbewritten as

2=.1C |/
Pyj: ; /D!. ] lexp c./y— ;1 <y<1; (9)
where
031c / =&/
c. /| b 22— ;1 < <1; (10)
0i1cC /
031c /1 *?
./ D 1 = > 0; and 1< 1. (11)
.1C /o 5.1C [/

Parameters and arethe meanandstandardieviation of the population respectiely.

In ourmodel,Eq. (9) is writtenas

§ 2=1C /

Psje /ID!./  texp c |/ 8i D1:::N; (12)

c

c. /and! . / areasabove. is ahyperparameteparametrizinghe * P-normorder p
and . is the varianceof the sourcecurrentamplitudeg(prior width). In the Bayesiamna
priori distribution, this variancecorrespondso regularizationof theinversesolutionand
in thatsensat couldalsobe calleda regularizationparameterFurtheron, the joint prior

for the sourcecurrentss simply the productof all theindependenglements

X iz:.m/ _

Pg ¢ /D!. /N Nexp ¢/ (13)

c

Theenegy functioncorrespondingo the prior is de ned asa neggative naturallogarithm
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of Eq. (13)

X s 2=1C /

InP.§ ¢; /D NIn Cc. |/ (14)
c i c
By substituting D Oand D 1tothesumexpressiorof Eq. (14),it simpli es to
X 2 1 X 1
3% b0 =7 jsiPD ksk? and (15)
i c c i c
X .1 1 X 1
S°p = jsj! D —ksk,'; respectiely: (16)
Cc Cc Cc

Thus,our modelimposesthe ™ P-norm (seeEq. (7)) prior for the currentsso that, when
D 1, the modelcorrespondgo “1-norm, andwhen D 0, the modelimposesthe
Euclideannorm,or * 2-normprior, for the sourcecurrents.ValuesO < < 1 correspond
to valuesof p betweer2 and1, respectrely. Similarly to | in Eq. (6), a uniform prior
wasalsoassumedor both hyperparametersc. and . Notice,that is ahyperparameter

de ning the" P-normorder sothat

2
PP 1c 4

Consequentlyour choiceof uniform prior for ~ will have an effect on the implicit prior
of p, sothatthe modelslightly favorsvaluesof p closeto 1 overthevaluesof p closeto
2. In Bayesiamdataanalysisthis effect might be transferredo the shapeof the posterior
distribution of p andcouldberelevantin makinginferencesasedon the analysis.With
the presented P-norm modelthis effect wasinsigni cant consideringour conclusions.

To shaw this, we performeda prior sensitvity analysisfor , whichis describedn more

12



detailedfashionin AppendixA.

Collectingthe piecesof our * P-norm modelaccordingto Bayes'rule in Eq. (1) and
leaving out the normalizationfactorwhich is not requiredfor numericalconsiderations,
the joint posteriorprobability distribution for the sourcecurrentss, parameter |, and

modelhyperparameters; and

Ps 1, ¢ b/l Pbjs [/ P.y/ Pg ¢ [ P.¢ P (18)

wheremodelassumptionareexplicitly de ned in thetext, hyperpriorsP. |/, P. ¢/, and
P. / areassumeduniform, andP.bjs; |/ andP.§ ; / areasin Egs. (6) and (13),
respectrely. In theresultsanddiscussiorsectionsof the paperwe presenthe posterior
distributionsof p accordingto Eq. (17) andutilize only the parameterp to facilitatethe

reading.

Simulateddatasets

We utilized four functionally relevant sourcelocationsin datasimulations:the left mo-

tor cortex (S1), left dorsolateraprefrontalcortex (S2), right posteriorsuperiortemporal
sulcus(S3), andright primary auditory cortex (S4). With eachlocation, at leastthree
sourceextentswereused. The rst sourceextent containedonly a single active source
spacepoint (0-neighborhood)The othertypescontainedl- and2-neighborhoodsf the
one centerpoint alongthe original sourcespacegrid. On average thesecorrespondo

point-sized, 0.2cn?, and 0.7 cm? physical sizeson the white-graymatterboundary
In this paperthesourceextentis denotedvith subinde (e.g., S1p). Theanatomicaloca-

tionsandsourcesareshovn onthein ated white-graymatterboundaryin Fig. 1. Mainly
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we simulatedsingle sourcesput also combinationsof sourceswere studiedso thatthe
total numberof differentsourcecon gurationsthat were usedto determinethe optimal
grid discretizationsizewas21. To investicgatethe effect of the extent of the underlying
sourcecon guration, two source§S1 and S4) were additionally analyzedwith 4- and
8-neighborhood$ 3 cm? and 15 cn?, respectiely). The sourcecurrentamplitude
wassetto be 80 nAm for the whole sourceregardlessof its extent. For the combinatory
sourcesS5 (S1andSz2 active together) the sourcecurrentamplitudesvere 80 nAm for
bothor alternatvely 80 nAm for oneand40 nAm for the other

Dataweregeneratedby usingtheforwardmodelin Eq. (2) to createthe elds for one
timepoint. Maximumamplitudesof theresultingmagneticelds andmagneticeld gra-
dientswererealistic,approximate\200—-400T for magnetometerand50—-200fT/cm for
gradiometersThegain matrix A usedin theforwardcomputationncluded306rows and
approximately32000columns. This way, the original sourcespacegrid size contained

16000pointsper hemisphereandconsequentlyasthe solutiongrid sizeswereall sig-

ni cantly smaller the mostobvioustype of inversecrimewasavoided. Theterminverse
crimeis usedto describeall thoseelementghatare x edin the datageneratingnodel
andlaterpresumednown in thesolutionpart. Naturally, in simulationstudiessuchmod-
elling aws mightleadto improved andtoo optimisticresults,but alsoto over tting and
spuriousmodelswhich would likely fail in realdatascenarios.

Randomzero-mearGaussiamoisewasaddedto the simulatedmeasurementector
b, sothatthe meansignal-to-noiseatio describedy

b™b
SNRD
M

’ (19)
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wasl5for magnetometerandabout60 for gradiometersM is thenumberof sensorand
n IS the standarddeviation of the correspondingensomoise. The measurememoise
wasassumedckqualseparatelywithin the threesetsof differentsensordi.e., two setsof
gradiometerspnesetof magnetometers)n mostcasesSNRwassetto berathergood,
becausave weremainly interestedvhetherthereis informationin the datato determine
thenormorder p. The effect of SNR to the modelwasexaminedwith two sourcesS1,
andS4, sothatthe meanSNR for gradiometemeasurementsasapproximatelys, 15,
30,60,and90 (1.25,3.75,7.5,15,and22.5for magnetometers)After addingthe noise,

the simulateddatawerewhitenedaccordingo Eq. (5).

RealMEG data

The real MEG datasetcontainedevoked elds of a self-pacedndex nger lifting ex-
perimentof a oneright-handednale,aged27. Thereweretwo conditions: the subject
lifted his (A) right and(B) left index nger. Electro-oculogranfEOG) artefactrejection
threshold(peak-to-peakjvassetto 150 V, sothatll1acceptedrials wereaveragedn
the rst conditionand113in the secondone. The measurediatavectorb wastaken at
a lateny of 20 ms from the onsetof nger movementin both conditions. The known
partof the noisecovariancematrix € (seeEqg. (5)) wasestimatedasa varianceof each
sensoffrom a 2-minutefragmentof Itered mesurementlataacquiredwhenthe subject
wassitting in the shieldedroom underthe MEG device doing nothingprior to the actual
experiment.To re ect the decreas®f noisedueto averaging,€ wasscaledby dividing
it by the numberof trials averagedseparatelyfor both conditions. A Hammingwindow
basedligital Iter wasusedto remove noisefrom theaveragedevoked elds andthefrag-

mentof datafrom which € wasestimated.The passbane&dgefrequenciesvere[2 18]
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Hz andstopbandedgefrequencie$0.5 20] Hz. The estimatedneansignal-to-noiseatio
for the utilized datawasapproximately6/0.1for conditionA gradiometer/magnetometer
measuremeniand8/0.1for conditionB. However, the sensorghatmostly containedhe
signal(i.e., the bestSNR), hada fairly good SNR of about40-70for gradiometerand

1-2for magnetometers.

Samplingorocedue andinverseestimation

All parameter®f the model,including sourcecurrentss, hyperparameter , likelihood
standardeviation |, andprior width ¢, wereconsideredisrandomvariablesandtheir
distributionswere obtainedutilizing an MCMC methodcalledslice sampling. Samples
weredrawvn from thejoint posteriodistribution of thecurrentsandmodelparameter§Eq.
(18)) usingmodernLinux-workstationgPentiumlli/4, 1-3.2GHz processqrl024—-4096
MB of RAM). Slice samplingis often moreef cient thansimple Metropolisupdatesas
it adaptvely chooseghe magnitudeof the changesnade. Convergencediagnosticsaand
time seriesanalysis suchaspotentialscalereductionfactor(PSRF) wereusedto verify
thatthe corvergenceof the samplerwasplausible(Robertand Casella2004). For more
informationon utilized samplingmethodandcorvergencediagnosticseeAppendixB.
The inverseestimatesvere calculatedas posteriorexpectationvaluesof the currents
integratedover the hyperparameters, ., and |. This wasdonefor all the simulated
sourcesausingthe ™ P-norm prior model. For visualizationpurposeghe estimate®on each
grid sizewerethresholdedy settingto zerothe currentamplitudeof all the sourcepoints
whoseabsoluteamplitudevalue did not exceed20% of the peakvalueof that particular
estimate. In most cases the solution estimatesvere also interpolatedon the original

corticalmantle( 16000),sothatthevisualcomparisorwith thesimulatedsourcesvould
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beeasier

Modelchoice

In additionto the visual examinationof the quality of the solutions,the modelgood-
nesswasestimatedvith a methodbasedon posteriorpredictve sampling. Gelfandand
Ghosh(1998) proposea minimum posteriorpredictive loss approachin which the cri-
terion, whoseminimum de nes the optimal model,comprisesof a goodness-of- tterm
Gm anda penaltyterm Py, wherem denoteghe model. In our study theterm G, was
calculatedasa sumof squarecerrorof the modelpredictedmeasurementaveragedver
21 differentsourceghat wereusedin the analysis,and P, wasdeterminedby the sum
of predictive variancef the measurementslhe predictive distribution of the measure-
mentswasattainedby computingit usingthe forward modelin Eq. (2) with the source
currentsamplesin this particularcase the posteriorpredictve samplingis easyto do as
we alreadyhave a large amountof Monte Carlo samplesobtainedfrom the posteriordis-
tribution. The minimum posteriorpredictive losscriterionfor modelm, Dy, D G, C Py
(Gelfandand Ghosh,1998), was calculatedas an averageover all the sourcesanalyzed
in this study andthus consideringthe grid size as a variablealteringthe model struc-
ture. Furthermorepur* P-normmodelwascomparedvith similar* 1- and” 2-norm prior
modelsby analyzingsimulateddatasetsshavn in Fig. 1. Thesemodelswererealizedas
specialcasef the * P-normmodelby settingthe hyperparameter to 1 andO, respec-
tively. Basedon the obtainedposteriordistributions, we also performedmodel choice

usingthe minimumposteriorpredictve lossapproach.
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Results

An MCMC chainwas producedfor eachof the simulatedsourcesandfor eachof the
grid sizesseparatelyFor thesmallergrid sizes( 200, 400,and 800pointsperhemi-
sphereXhetime requiredto drav onesample(i.e., onesetof sourcecurrentparameters
and hyperparameterdyom the joint posteriordistribution wasin the orderof 1-4 sec-
onds.At least10000samplesveredrawvn for eachof thesechains.For the chainsof the
largergrid sizeg( 1600and 3200perhemispherebhetimerequiredfor onesamplevas
about10-25secondsDespitethe time-consumingomputerruns,at least3000samples
weredrawn for thesechains.

Thecorvergenceof the samplerappearedo be plausibleby the potentialscalereduc-
tion factor(seeAppendixB.2.), which wasestimateckitherfor the differentsegmentsof
onechainor from several chainsof the samesourcewith differentinitial conditions.The
chainsseemedo convergealsobasedn visualinspectionof the obtainedsamplesTime
seriesanalysisrevealedthat autocorrelatiortimes of the sampleswverein generalquite
long. For somesourcecurrentparameterandhyperparametershe autocorrelatiorime
wasin the orderof several hundredsor even over onethousandsamples. This means,
thatfrom a chainof 10000sampleswve geteffectively only 50 independensamplesor
even less. Inverseestimatesvere obtainedfrom theseindependensamplesby implic-
itly integratingthe posteriorof sourcecurrentparametersver the hyperparameterand
computingthe expectatiornvaluefor s. Low numberof independensamplesncreaseshe
Monte Carloerrorof this estimateput 10-50is enoughfor areasonablene.

Inverseestimatedor simulatedsourcesS1y, S2;, andS4; areshavn with theoriginal

sourcesn Fig. 2. Theutilized grid sizesfor samplingtheseinverseestimatesvere 800
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A Simulated source S1 LP-norm estimate S1,

S

B Simulated source S2, LP-norm estimate S2 ;
C Simulated source S4. LP-norm estimate S4,

Fig. 2. Threerepresentaties of bestand worst caseestimateswith our model. The
original sourcesare on the left andthe inverseestimatesn the right. For visualization
purposesthe estimatesvereinterpolatedon the original corticalmantle(  16000points
per hemisphere)For theseestimatesthe distancedetweerthe simulatedsourcecenter
andthe " P-norm estimatepeakvalue,approximatedalongthe cortical surfacetriangula-
tion usingDijkstra's algorithmfor shortespath(Weiss,1997),are(A) 26.7mm, (B) 6.5
mm, and(C) 69.3mm. In 3-D coordinatesthe correspondinglistancesare(A) 11.0mm,
(B) 5.2mm, and(C) 18.2mm, respectrely.

(S1) and 1600(S2 andS4) perhemisphere Sl represents fairly super cial and
focal sourceon the left motorcortex whereasS4; is a deepeisourcein theright auditory
cortex. Thesesolutionsarerepresentatiesof the bestandworst caseestimatesbtained
with our modelfor smallersourceextents. Quite often, the estimateproducedby the
* P-norm modelis locatedin the neighboringsulcusand orientedalmostidentically as
the original source.For example,eventhoughthe peakvalue of the solutionestimaten

Fig. 2A is not on the samesulcusandover 2 cm away from the original sourcealong
the cortical surface( 1 cmin 3-D), the estimatets the original datawell (within the
noiselimits) ascanbeseenin Fig. 3B. Thisis becaus¢he smallamountof currentin the
correctgyrusis compensatedith alargeramountn theneighboringgyrus(seeFig. 3A).

As aresult,theseactivationsproducesimilar elds to whatthe original simulatedsource
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Fig. 3. (A) ThesimulatedsourceS]y is locatedfocally on the precentralgyrusandits
orientationis perpendiculato the white-graymatterboundaryandit pointsaway from
thesurface. The " P-norminverseestimatecontainssomeamplitudepointing away from
thesurfacein thecorrectgyrus,but the majorpeakin this estimatepointsinto thesurface
in theneighboringgyrus. Dark shade®f graydenotegyri andlight shadesulci. (B) The
predictedelds of the ™ P-normestimatefor sourceS1y areplotted(solid redline) against
the simulateddata(blue dots)with onesigmaerrorbarsfor noiseseparatelyor bothsets
of gradiometeandmorenoisy magnetometemeasurements.

does.As MEG is fairly insensitve to smalllocationaldiscrepanciessthenmeasuredrom
a distance(outsidethe scalp),this type of solutionswhencomputedhroughthe forward
modelgive riseto excellent ts with the original measuremerdata. The* P-normmodel
estimaten Fig. 2B looksrelatively good,andthe deepersourcein Fig. 2Cis spreadon
the sourcepointscloserto surface.

The " P-norminverseestimatesor simulatedsourcesn Fig. 1 areshawvn in seriesof
Figs. 4—6. It is seenthatwith smallergrid sizes(lessthan 1600pointsperhemisphere;
seeFig. 4) only the major cortical structuresare visible and the localizationaccurag
is limited by the grid discretizatiorsize. With the larger discretizatiorsizes(morethan

1600 points per hemisphereseeFigs. 5 and6), the estimatef the 0-neighborhood

sourcesarespreadvhenthe original sourceis a deepor a combinatorysource whereas
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especiallywith the combinatorysourceghe larger sourceextents(2-neighborhoodsare
morefocally localized.However, with awider super cial source(e.g., S1,), theestimate
getsmorediffuse. With the grid sizeof 1600(Fig. 5) the estimatesf the * P-norm

modellook rathersatistctorywith respecto the modelassumptions.

0-neighborhood  1-neighborhood  2-neighborhoods

Fig. 4. Inverseestimatesalculatedfrom the analysisof the * P-norm modelwith grid
size 400pointsperhemisphere.

0-neighborhood  1-neighborhood  2-neighborhoods

Fig. 5. Inverseestimatesalculatedfrom the analysisof the * P-norm modelwith grid
size 1600pointsperhemisphere.

Histogramsof the posteriordistribution samplesof modelparameters¢, |, andthe
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0-neighborhood  1-neighborhood  2-neighborhoods

—
@

Fig. 6. Inverseestimatesalculatedfrom the analysisof the * P-norm modelwith grid
size 3200pointsperhemisphere.

" P-normorder p for someof the aborementioneagimulationsarevisualizedin Fig. 7. It
is clearlyseenthat p (upmostrow in eachsub gurein Fig. 7) is dependentf the source
con guration aswell asthe grid size. For instance the distributions of p for grid size
1600 per hemispheravith sourcesS1ly and S3 aredifferent. The distribution shapes
alsovary throughthe samesourcecon guration dependingon the grid size. For p, with
sourceS3; andgrid size 3200,the mostprobablevalue of the posteriordistribution is
clearly differentfrom the most probablevalue with smallergrid sizes. In mostcases,
the * P-norm model seemsto leantowardsthe * 1-norm model (p D 1), but this is not
the case for instance with the aborementionedsourceandgrid sizefor which the most
probablevalueof p is somavherebetweenl and2. Thetendeng of the " P-normorder
p to favor valuescloseto 1 is not a manifestationof the implicit prior for p, but as
our prior sensitvity analysisreveal, it is an effect thatis causednherentlyby the data
(seeAppendixA). In all situations,the expectationvalue of | is closeto one,aswas

hypothesizedNotably, the distribution of theregularizationparameteror prior width ¢,
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tendsto be extremelynarrav with largergrid sizes.This suggestshatwith a densegrid,

manualchoiceof theregularizationparameters moredif cult.

0 200 400 800 1600 3200 0 200 400 800 1600 3200

DDDDE LI b
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1 200 400 800 1600 3200 1 200 400 800 1600 3200
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AULDL -DUDOL
sninnnnEERninnn

Fig. 7. Histogramsof the samplesf the posteriordistributionsof the hyperparameters
p, ¢ and | fromthesimulationsof thesourcesSly, S, S11, andS3; for differentgrid
discretizatiorsizesperhemisphere.

Theresultsof analyzingsourcesS1andS4 with a wider rangeof sourceextentsand
grid size 1600areshawn in Figs. 8 and9. With sourceS1 on the left motor cortex
(Fig. 8), theinverseestimateseemdo spreadasthe sourceextentgetslarger Especially
with thewidestextent(S1g), theinverseestimatas spreadhroughouthe cortex anddoes
notlook acceptableNotably, the posteriordistribution of p is similarwith all the source
extentseventhoughwith the larger extentsthe distribution seemgo be someavhatwider.
Thedistribution of prior width ¢ is slightly pealedwith 4- and8-neighborhoodsSource
S4 on the right auditory cortex (Fig. 9) seemsto be equally well localizedregardless
of the underlyingsourceextent. The hyperparameteposteriordistributionslook similar
with differentsourceextentsexceptfor the distribution of p, which is not so strongly

pealedtowardsp D 1 aswasthe casewith sourceS1in Fig. 8.

SourcesS1, and S4 wereanalyzedwith a rangeof differentsignal-to-noisaatios.
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Fig. 8. The simulatedsourceS1 with 0-, 1-, 2-, 4-, and 8-neighborhoodss plotted
on the white-gray matterboundaryon the top row. The " P-norm estimateswith grid
discretizatiorsize 1600areshavn onthesecondow. For thecorrespondingstimates,
the posteriordistributionsof themodelparameterp, ¢, and | areshavn below.

The correspondingnverseestimatesare shavn in Fig. 10 andlabeledwith gradiome-
ter meanSNR, respectrely. The utilized grid sizewas 1600perhemisphereOriginal
simulatedsourcesof theseestimatesanbe seenin Figs. 1 and2. With all the utilized
SNRyvalues theinverseestimate®f super cial sourceS1, anddeepsourceS4 aresim-
ilar with eachother With SNR=5,especiallythe inverseestimateof sourceS4; is more
spreadalongthecortex. In Fig. 11 onecanseethe hyperparametgposteriordistributions
of the sampleof theseparticularestimatesEventhoughthedistributionsof the ™ P-norm
order p are more diffuse with poorerSNR, suggestinghat the determinationof p be-
comesmoredif cult with morenoise,it seemsclearthatthe modelfavors valuesclose
to 1 in thesecases.Importantly by examiningthe distribution of parameterp it canbe
seenthat the mostprobablevalue of p for sourceS4; and SNR=5might be wherethe
distribution hasthemostmasgi.e., betweeril and1.5), eventhoughthe maximumof this
distribution appeargo beat 1. This effectis mostlikely dueto high noise,but in some

caseghe posteriordistribution mightindeedbe multimodal.
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Fig. 9. The simulatedsourceS4 with 0-, 1-, 2-, 4-, and 8-neighborhoodss plotted
on the white-gray matterboundaryon the top row. The " P-norm estimateswith grid
discretizatiorsize 1600areshavn onthesecondow. For thecorrespondingstimates,
the posteriordistributionsof themodelparameterp, ¢, and | areshavn below.

Theinverseestimate®btainedrom theanalysisof the” P-normmodelwith realMEG
data(grid size 1600perhemispheregreshovn in Fig. 12. The rst condition (right
index nger lifting) seemdo yield spatialactivation contralaterallyon the handareaof
theleft somatosensorgndmotor cortices(seeFig. 12A). Similarly, theleft index nger
lifting producesactivation on the handareaof the correspondingight hemispherareas
(seeFig. 12B). Theactiation peaksseemo be predominantlyjocatedon somatosensory
hand areaseven thoughthe solutionsare moderatelyspread. The distributions of the
samplesof the hyperparameteraswell asinverseestimatets to measurediatafor both
conditionsarealsopresentedn Fig. 12. With realdata,the modelseemgo favor values
of p closerto 1 than2. Theestimategproduceagood t with thedatain bothconditions
eventhoughthe magnetometemeasurementsadin generalquite poor SNR.

We also analyzedthe datawith the modelswhere p equalsl and 2, corresponding
to " 1- and2-norm prior models. In Fig. 13, the obtainedinverseestimatesor sim-

ulatedsourceS1; areshavn. Notably the *2-norm estimateis more diffuse on fairly
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SNR=5

SNR=15

SNR=30

SNR=60

SNR=90

Fig. 10. Theinverseestimate®f sourcesS1, andS4 with varyingsignal-to-noiseatios.
The SNR label denoteghe meansignal-to-noiseatio of the gradiometemmeasurements
of the correspondingource.The original simulatedsourcesS1, andS4; canbe seenin
Figs.1 and2. Theutilized grid sizein theanalysisvas 1600perhemisphere.

large areasat the parietal corticeswhereas' P- and * 1-norm estimatesare spatially of
smallerextent. Typically, the inverseestimatesobtainedwith * P- and " -norm models
weremorefocal andvisually similar to eachotherwhereaghe * 2-normmodelestimates
weremore extensve. The sourcecurrentparameteexpectationvalueswere smallerin
the * ?-norm estimatesas this prior tendsto imposelittle currenton numberof source
spacepointsratherthanlarge amountof currenton very few points. The standarddevia-
tionsof the posteriordistribution Monte Carlosampledor thoseestimatedsourcecurrent
pointswhoseabsoluteamplitudeexceed20% of the maximumabsoluteamplitudeof the
estimateareplottedasonesigmaerrorbarsto the gure for eachestimaterespectiely.

In mary casef our simulations theseMonte Carlo variancesof the sourcecurrentpa-
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Fig. 11. Histogramsof the samplef the posteriordistributionsof the modelhyperpa-
rametersp, ¢, and | fromthesimulationsof thesourcesS1l, andS4 with varyingSNR.
Theutilized grid sizein theanalysisvas 1600perhemisphere.

rameterswere considerable However, the posteriorexpectationvalueis still a credible
indicatorof which of theparametersverenon-zeropecausevenwith a smallnumberof
independensamplesthe uncertaintyof this estimatds relatively small.

For the model choice, the resultingposteriorpredictve loss criterion (Gelfand and
Ghosh,1998)asa functionof grid discretizatiorsizeis shovn in Fig. 14A andthe com-
parisonbetweerthe P-, *1- and" 2-normpriorsin Fig. 14B. Accordingto thisapproach,
the optimal grid discretizationsize for our * P-norm modelis around1000—200Qoints
per hemispherdseethe minimum of curve in Fig. 14A). The visual examinationof the
* P-norm estimatesusinggrid sizeof 1600 pointsper hemispherdseeFig. 5) yielded
similar ndings. For thecomparisorof differentnorms,theresultsobtainedwith thepos-
terior predictive lossapproactwereindecisive eventhoughthe™ P- and’ 1-normestimates

werevisually moresatisfyingthanthe * 2-normestimates.
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Fig. 12. Resultsof the analysisof the real MEG nger lifting datawith the * P-norm
model(grid size 1600). The conditionswere(A) right and(B) left index nger lifting.
For both conditions,the predicteddatais plotted (red line) on top of measuremendata
(blue dots)with onesigmaerrorbarsseparatelyor eachgradiometemandmagnetometer
sensorsHistogramsof the posteriorsamplef p, ¢, and | arealsoshavn to visualize
theshape®f the mamginal posteriordistributions.

Discussion

We studieda BayesianMEG inversemodelwith * P-norm priorsfor the sourcecurrents.
This type of modelhasnot beenimplementedefore,eventhoughsimilar ideasconsid-
ering differentvaluesof p have beensuggestede.g., Beuclker and Schlitt, 1996; Uutela
etal., 1999;Bucker et al., 2001; Matsuuraand Okabe,1995). Using Bayesianmethod-
ology the full joint posteriordistribution of the parametersnd hyperparametersf the
model,suchasthe " P-normorder p andprior width , canbe obtained.Fromthe pos-
terior distribution, oneis ableto computequantiles,moments,and other summarieof

interestasneeded.The purposeof our studywasto nd anoptimal sourcegrid spacing
for the™ P-normmodel,to shav thatthereis no universalcorrectvaluefor thenormorder
p, to investicgatehow p is dependenbn theunderlyingsourcecon gurationandgrid dis-

1

cretizationsize,andto elucidatethe uncertaintieshatexist in usingeither’ - or > 2-norm
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Fig. 13. SimulatedsourceS1; andits correspondingnverseestimatewith the ™ P-, *1-,
and” 2-normmodelsusinggrid size  800. Thesolutionestimatesreinterpolatecbn the
original corticalmantle( 16000)for visualizationpurpose®nthetop row andshovn as
vectorvalueswith MonteCarlosamplingstandardleviationerrorbars(bothhemispheres)
in thebottomrow. Only thevaluesthatareatleast20%of the estimatgpeakvalue(dotted
redlines) areplottedon thein ated brainandonly correspondinggrror barsareshavn.
Note, thatthe currentamplitudevaluesobtainedwith the* 2-normmodelaresmallerand
the estimatds the mostdiffuseout of thesethree.

priorsfor thecurrents.

Our resultssuggesthat the posteriordistribution of p, is dependenbf the utilized
densityof the sourcelocationsin the modelandalsoslightly of the sourcecon guration
underinvestigation. Eventhoughin mary occurrencesf our simulationsthe mostprob-
ablevalueof p wascloseto 1, correspondinghe” *-norm prior for the currentsthis was
not the casealways. This suggestghat theremight be enoughinformationin the data
to determinethe normorder p. It wasalsodemonstratethatthis effect obseredin the
posteriordistribution of p wasnotdueto theimplicit prior for slightly favoring valuesof
p closerto 1 over 2 (seeAppendixA). Thereforeagoodway would beto let the source
currentprior (i.e., thevalueof p whenutilizing * P-norms)be inferredfrom the data,in-
steadof determiningit ad hoc aslong asthe basicpropertiesof the prior arede ned to

berealistic.
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Fig. 14. (A) The posteriorpredictve losscriterion Dy, plottedasa function of source
spacegrid discretizationsize per hemipshere. The optimal grid size for the * P-norm
modelcanbearguedto beatthe pointthatminimisesD,. (B) Model choicebetween P-

normmodelandcorresponding - and’ 2-normmodelsasa function of grid size. Even

thoughthe *2-norm model producedvisually the worst-looking inverseestimatesthe
comparisorof goodnesdetweerthe " P- and” I-normmodelswith the utilized posterior
predictve lossapproachs somavhatundecided.

An MCMC samplingschemewasutilized aswe wereinterestedn the posteriordis-
tributions of all the parametersand did not want to make arny uncontrolledanalytical
approximationghat might have someunexpectedqualities. With MCMC, the posterior
expectationvaluescanbe computedeliably asthe error dueto Monte Carlo estimation
is quite smallevenwith smallnumberof independensamplesin addition,oneis ableto
investicatethe whole posteriordistribution of the solutionsandis not limited to conclu-
sionsbasednly onthe MAP estimate As demonstratedy Schmidtetal. (1999)theuse
of the mostlikely solutionis not necessarilyepresentatie for constructingrobust and
reliableinferencedrom the data. In our studyin Fig. 11 (S4;, SNR=5)it wasseen that
the maximumof the marginal posteriorfor p is notwherethe mostprobability masdlies
andthe distribution might even be multimodal. Similar situationsmay occuralsoin the
posteriordistribution of the parameter®f interest(sourcecurrents).In that case,if the
posterioris multimodal, the importanceof makinginferencesrom the whole posterior
ratherthanMAP estimatebecomesbsolutelycrucial.

Beucler and Schlitt (1996) shaved thatthe densityof sourcelocationshasan effect
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onthenormorderp. Ourresultsindicatethata denseliscretizatiorseemso favor values
of p closerto 2. The optimal discretizationsize for our modelwas 1500 points per
hemisphere.lf numberof sourcess decreasedo 200—400points per hemispherethe
accurayg of theestimatess notgoodandthemodeldoesnot t thedatawell, becauséhe
grid is too sparseandonly major cortical structuresarevisible. As thediscretizatiorsize
increasesthe goodness-of- timproves,but with really densegridsthe proposed P-norm
model becomeaunacceptabljheary to compute,and at the sametime the model prior

assumptiorof independensourcecurrentss severelyviolated.

Oneway to easehe computationaloadwould beto decreas¢he numberof parame
tersby parametrizinghe sourcesFor example,Schmidtet al. (1999)emplo/edregional
sourcemodel,whichwascharacterizedy threeparametersomprisingof numberloca-
tion, andextentof theactive regions. This way, they decreasethe numberof parameters
sampledirom severalthousandgo only three(peractvity region). In this case,onein-
troducessomespatialdependengcto the modelasthe pointsinsidethe active regionsare
assumedo correlatestrongly Theassumptiorof uncorrelatedourcespacepointsseems
justi able in early sensoryresponsesvhile in complex cognitive tasksone may expect
correlationsnot only betweemeighboringpointsbut betweerremotecorticalregionsas
well. However, takingthis into accountin the inversemodelis not necessarilystraight-
forwarddueto theabsensef dataon the exactnatureof the correlations.

A concevable way to take into accountthe putatve dependenciebetweensource
spacepointswould beto introducespatialpriors. Also, with the current’ P-normmodel,
the grid discretizationsize cannotbe increasedunlessspatial priors are used. As the
mostfeasiblespatialpriorsareneithersimplenor intuitive, thereexists someunclarity of

which kind to use. Phillips et al. (2002) suggesthat the combinationof functionaland
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anatomicalconstraintamight provide a way for introducingspatialpriors to the model
andatthe sametime for reducingthe dimensionalityof the MEG inverseproblem. With
real datascenario®onehasto remembethat somesourcesarenot visible for MEG and
thereforethe useof spatialpriorsbecomesvenmoreimportantif additionalinformation
is notavailablefrom elsavhere.Theimplementatiorandtestingof suchjusti able spatial
priorsis left for subsequerdgtudies.

Cornverging evidencefrom otherimagingmodalities suchasfunctionalmagnetiaes-
onancamaging(fMRI) andelectroencephalograpfiEEG),canbeintroducedo thecur-
rent” P-normmodelif the utilized experimentalsetupis suitablefor collectingdatawith
variousmethods.The combinationof adjacenimagingmethodgDale et al., 2000; Liu
etal., 2002), MEG with fMRI in particular(Schulzet al., 2004; Ahlfors and Simpson,
2004;Daleetal., 2000),is goingto be aninvaluabletool in brainresearchn the future.
Evenif the couplingbetweerfMRI BOLD signaland EEG/MEGresponserenot well
understoodclear evidenceexists on how thesetwo fundamentallydifferentsignalsare
related(Logothetiset al., 2001;Kim et al., 2004). In comparisonthe combineduseof
MEG andEEG is relatively straightforvard as both of thesemethodsdetectthe neural
electriccurrents.SinceEEG providesinformationaboutthe radial currentsin additionto
thetangentialonesdetectedy MEG, it is concevablethatthe combinatiorwill provide
amorecomprehenske estimateof theunderlyingneuralevents.

However, asLiu etal. (2002)and Phillips et al. (1997) suggestthe combinationof
EEGandMEG might notimprove the resultsmuch. Also, with EEG inversemodelling,
thereexiststhe problemof creatinga realisticforward modelfor EEG asin thatcasethe
electricconductvites of the scalp,the skull, andthe brain tissueandthe shapesof the

correspondingompartmentsieedto be known moreprecisely(Ollikainenetal., 1999).
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In contrast,an a priori biastowardsfMRI informationis straightforvard to addto the
currentmodel per se In addition, depthnormalizationcan be includedto reducethe
location bias of the estimategKohler et al., 1996) and, with the costof computational
burden theuseof temporaldynamican themodelmight prove to beusefulespeciallyfor
empiricalinvestigations.

Our preliminaryanalysiswith real MEG datawerepromising. Theresultsarein line
with similar MEG studiesin the eld (see,e.g. Alary etal., 2002). However, the appli-
cation of the modelwith more comple< real data(e.g., cognitve tasksand audiovisual
studies)still requireswork andimplementatiorof someof the abovementionedanethods
suchasspatialpriorsandtemporaldynamics.As of now, the * P-normmodelis a spatial
only MEG sourcédocalizationmethod.

Thequality of MEG inverseestimatesn generals nottrivial to evaluateeventhough
in simulationstudiesthe original sourcesare known. In additionto the visual quality
of the solutionestimateonecan,for example,easilyapproximatethe physical distance
betweenthe solution peaksand original sourcesboth along the cortical surfaceandin
3-D, and usethis asa quantitatve error. But the questionariseshow to penalizefalse
activations,for instancejn situationswherethe solutionsarespreadover the cortex, and
how to penalizethe goodnes®f the solutionif the estimates locatedin thewronggyrus
yet beinghighly probable(seeFig. 3). In theanalysisof realdata,particularly whenthe
originalsourcesarenotknown, differentmethodsareneededOnewayis to look atall the
solutionsand comparedifferentmodelswith eachotherinsteadof single estimatesand
their accurag. Onesuchmethodis the posteriorpredictive lossapproach(Gelfandand
Ghosh,1998),which we used,alongwith visual examination,to determinethe optimal

discretizatiorof the sourcespacefor our ™ P-normmaodel.
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Ontop of beingableto evaluatethewholeposterioristribution of the parameterand
hyperparametersyhich concealnformationof themodelbehaior andinverseestimates,
asubstantiabene t of our modelis thatit is very simpleandthereforeadditional(prior)
informationis easyto attach. Virtually no userexpertiseis requiredafter the modelis
compiledandthe methodcanbe usedalmostwithout any manualinteractionor tuning,
which is not the casewith ECD tting. This featureis more or lessfundamentalwith
mary Bayesiammodels.Naturally anexperiencedisercanachiare excellentresultswith
methodsthat requiremoreinteraction,but a problemrisesif one's goalis to studycog-
nitive processeaboutwhich very little is known in advance.In thosecasesa modelthat
doesnotrequiretuningwould bemostcorvenientto use. The estimate®btainedwith our
* P-normmodelcanalsobe usedasa startingpointsor seeddor othersourcdocalization
methods.Thisis practicalwhenlittle is known of the sourcesunderinvestication.

In conclusionthe ™ P-norm prior family seemsausablein a Bayesiarsetting,in which
all the parameterandhyperparametersf the model,suchasthe * P-norm order p, are
consideredandomvariablesandinferredfrom the data.For example thegrid discretiza-
tion sizeandunderlyingsourcecon gurationshave an effect on the probabilitiesof the
hyperparametergndthuson choiceof model. As MEG measurementwith corvenient
signal-to-noiseratios might provide little extra informationto which model shouldbe
used carefuldatacollectionanda priori modelconsideratiolbbecomesxtremelyimpor-
tant. As an ultimate goal, the proposedmodelling schemecan be expandedto a freely
distributableervironmentin which differentmodelassumptionsould be comparedvith

eachotherandfurtherdeveloped.
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Appendix A. Prior sensitvity analysisfor

When transformingprobability distributions from one parametrizatiorto anothey one
needsto carefully considerwhat kind of effectsand extra termsit hason the outcome.
Gelmanet al. (2003, Ch. 1.8): Supposehat Py.u/ is the densityof vectoru andwe
want to transformtov D f.u/. If P, is continuous,andv D f.u/ is a one-to-one

transformationthenthejoint densityof v

P,.v/DjJj P, f Lv/; (20)

wherejJj is the determinantf the Jacobianof the transformatioru D f .v/. The

Jacobian] is asquarematrix of partialdervatives,with theentry.i; j/ equalto @;=@;.

A.1.Uniform prior for

If wewantto transformto using p with theutilized parametrizatioriBox andTiao,1973)

of our” P-normmodelhaving uniform prior probabilitydensityfor andf. / beingEq.

35



(17),we getby rearrangingeg. (17)
1 2 : . :
f *.p/D D _p 1, O 1, and 1 p 2 (21)

TheJacobiarfor f 1. p/ is simplythederivative

d d 2 2
—D— - 1 D —; 22
p dp p p? (22)
andthe probabilitydensityof p
2
Pp/D — P. [, O 1, and 1 p 2 (23)

p2

Thus,theimplicit prior for p in our™ P-normmodelwith uniform prior for  only slightly
favorsvaluesof p closeto 1 overvaluesof p closeto 2 asthedeterminantsf theJacobian

attheendpointof p are2 and0.5, respecitrely.

A.2.Uniform prior for p

Considernothepossibilityfor ourmodelby choosingauniformprior probabilitydensity

for p. With the parametrizatiomsed whentransformingto using , we getthe Jacobian

as
dp d 2 2
—D— —— D ——; 24
d d 1C 1C /% (24)
andthe probability densityof
P. ID 2 P.p/; 1 2, and O 1 (25)
P Ie e TP P4 '
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Now theimplicit priorfor  will slightly favorvaluesof closeto O overvaluesof close
to 1 asthe determinant®f the Jacobiarattheendpointof are2 andO0.5, respectrely.
This corvertsto favoring valuesof p closeto 2 over valuesof p closeto 1, which is

oppositeto the caseof uniform prior for

A.3. Sensitivityanalysis

In additionto the analysisdonewith our selectionof uniform prior for we analyzed
someof the simulatedsources(S1ly > and S4 » with grid sizes 800, 1600, and

3200)with the choiceof uniform prior for p. This wasdonein orderto validatethat
the effectsobsened in the posteriordistribution of p were,in fact, causedoy the data
and not by the implicit shapeof the utilized prior distribution. In Fig. 15, onecansee
the ervelopecuresof the posteriordistributionsof p for the ™ P-normmodelwith a uni-
form prior for  (blue curwe) and uniform prior for p (red curve). The shapesof the
(implicit) prior distributionsof p areshovn with dottedcurves,respectrely. As the pos-
terior shapesn generalare signi cantly differentfrom the prior shapesit is clearthat
posteriordistributionsyield valuescloserto p D 1 regardlessof which prior wasused.
Theslightinconsisteng with sourceS3; (grid size 3200,red curwe) is mostlikely due
to thefactthatthe correspondinghainwith the uniform prior for p did not have enough

independensamples.
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Fig. 15. Blue lines denotethe envelopecurves of the posteriordistribution shapesof
parametep for theproposed P-normmodelwith uniformpriorfor  (implicitly favoring
valuesof p closerto 1 than2, dottedblueline), andredlinesdenotethe ernvelopecurves
of the posteriordistribution shapesf parameterp for the modelhaving a uniform prior
for p (implicitly favoringvaluesof closerto 0 thanl, thatis, in termsof p valuescloser
to 2 thanl, dottedredcurwe). The posteriordistribution of thenormorder p is notoverly
sensitve to differentpriorsandthustheobseredposterioreffectsoriginatefrom thedata.

Appendix B. Sampling method and diagnostics

B.1. Slicesampling

In Bayesiandataanalysis(Gelmanet al., 2003), applicationsof Markov chain Monte
Carlo samplingoften involve retrieving samplesrom the joint posteriordistribution of
the parameterandhyperparametersf themodel.In Metropolis-Hastingschemebpadly
selectedscaleof the proposabistributionleadsto highrejectionrateor inef cient random
walk. Slice sampling(Neal,2003)relieson the principle thatonecansampleuniformly
underthe curve of someknown probability densityfunction P. /. With slice sampling,

unlike in Gibbs sampling(Gilks et al., 1996), the conditionaldistributions of standard
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form do not needto be knowvn, andwith multimodal distributions slice samplingis of-
tenmoreef cient thansimpleMetropolis-Hastingslgorithmin makingjumpsfrom one
modeto another Slice samplingadaptsto the local propertiesof the target distribution
andit requiresvery little tuning. With multidimensionalistributions,eachvariablecan
beupdatedn turn.

A corverging Markov chaintowardsthe target distribution canbe obtainedby sam-
pling uniformly by turnsin vertical direction underthe curve and horizontally from a
slicede ned by this vertical position. Let thevariableto be updatedbe x and f . x/ is the
function proportionalto the probability densityof x. Theideafor producinga chainfor
X is to replacethe currentvalue xqig With a new value xngy. Draw arealvalueof y from
0 < y < f.Xqqg/ whichde nesahorizontalslice SD fx Vy < f.x/g Findaninterval
| aroundxg)g that containsmuchor all of theslice S. Now, drav Xney uniformly from
thepartof theslicewithin interval | andrepeathe procedureThereareseveraldifferent
schemedor nding theinterval | thatarewell coveredin the work by Neal (2003). In
fact,theinterval canbechosenn ary way aslong astheresultingMarkov chainremains
invariant.

For computationapurposesin orderto avoid possibleproblemswith oating-point
under ow, anenegy functionof f.x/, g.x/ D In. f.x// is oftencalculatednsteadof
f.x/ itself. With this particularcase,avariablez D In.y/ D g.Xq4/ € canbecal-
culatedto de ne theslice SD fx Vz < g.x/g Variablee is exponentiallydistributed

with meanone. Also, for our simulations asthe samplingwasdoneonevariable(source

manceof the samplerby updatingonly the changecausedy this particularvariableto

the valueof the enegy function of the joint posteriordistribution ratherthancomputing
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it completelyevery time eachvariablewasupdated.

B.2. Convergencediagnostics

Therearetwo typesof dif culties with iterative simulationssuchasMCMC simulations.
Thesimulationamightnothave beenproceededong enoughsothattheresultingsamples
arenotyetrepresentate of thetargetdistribution. Theearlyiterationsarealsoin uenced
by the startingpoint ratherthanthe target distribution. After a plausiblecornvergenceis
reachedthe chainhasforgot its startingpoint andproducesepresentate valuesof the
targetdistribution. The earlyiterationsareremovedfrom the beginning of the chain.

The otherproblemlies in the correlationwithin the corverging chain. In general,it
is betterto startseveral chainswith differentstartingpointsespeciallyif the autocorrela-
tion time of the chainis long. This way, whenthe chainshave converged,the numberof
independensampless greatethanwith onelongchain.However, all thecorvergedsam-
plescanstill be usedasthe orderin which they weredrawn is ignoredwhenperforming
inferencedasedn their distributions.

A chaincanbeassumedo have corvergedwhentwo chainsoriginatingfrom different
startingpointscannolongerbedifferentiatedrom eachother Onemethodin monitoring
the corvergenceis to comparethe variancesbetweendifferent chainsor differentseg-
mentsof one chainand estimatea factorby which the scaleof the currentdistribution
might bereducedf the samplingwascontinuedo in nity . The procedureof calculating

this potentialscalereductionfactor(PSRF)is describedn Gelmanretal. (2003,Ch. 11.6).
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